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1'·" .. ABSTRACT 
This project had as its primary objective the development of rapid, 
reliable methods. o;f relating the response of structures and structural elements 
to the blast loads from atomic or nuclear weapons. The major effort on this 
project was expended on structures which could be satisfactori~~ idealized as 
single-degree-of-freedom systems because of their prevalance; however, consider-
ation was also gi~en to those structures which respond to blast loads in more 
than one mode, that is, multi-degree-of-freedom systems. 
The essence of this report is a rapid technique which was developed 
for the analysis of a single-degree-of-freedom system with a resistance func-
tion which can be idealized as an elasto-plastic function, and which is loaded 
with an initially peaked triangular force pulse. Fortunately this very simple 
system, for which effective, efficient, and very reliable methods of analYSis 
have been developed, represents in fact a large percentage of actual structures 
and systems that are of interest. For systems whose resistance functions can-
not satisfactorily be idealized as elasto-plastic functions, accurate methods 
were developed for t,he replacement of the actual resistance function with an 
equivalent elasto-plastic function for analysis purposes. This substitution 
obviously permits an~.analysis by the methods developed for the basic system. 
In like manner, simple but quite accurate techniques were developed 
for the analysis of single-degree-of-freedom systems having elasto-plastic 
resistance functions subjected to load pulses other than the initially peaked 
triangular force pulse, considered in the,basic problem. In all cases of these 
Ie, 
various force pulse forms, it is possible to reduce them to an equivalent ini-
tially peaked triangular pulse or to several such pulses, the combined effects 
; 
of which can be treated quite adequately by a modification of the methods 
vii 
developed for the basiciproblem. The several force pulse types that are con-
sidered include those having a triangular shape with a finit~ rise time, those 
in which' a triangular force pulse is preceded by a precursor of constant inten-
si ty, thos'e which consist of several simultaneously acting initially peaked 
triangles of various durations, and those which take the form of initially 
peaked, exponentially'decaying curves. 
Methods are presented in this report for the rapid but reliable 
analysis of any single-degree-of-freedom system having any bilinear resistance 
function subjected to any of a wide variety of force pulses. The analysis is 
made by the simple expedient of redueing the problem to an equivalent single-
degree-of-freedom system, having an elasto-plastic resistance function, loaded 
wi th an initially peaked triangular force pulse.. Two systems, being of a 
specialized nature, are treated separately. They are: (1) a system which 
responds by sliding and which has, therefore, a resistance function which is 
rigid-plastic; and (2) a system which fails by overturning such as, for example, 
a freight car, a van, and the like. 
As indicated earlier, consideration was also given to the development 
of rapid methods for the analysis of multi-degree-of-freedom systems subjected 
to blast loads. Unfortunately, the complexity of this problem compared with 
that of the single-degree-of-freedom system and the lack of sufficient time' 
made it impossible ,to develop rapid analysis techniques of comparable accuracy 
to those developed for single-degree-of-freedom systems. The methods presented 
for the analysis of multi-degree-of-freedom systems are admittedly of an approx-
imate nature, but they are adequate for the majority of problems of this nature. 
Hypothetical problems illustrating the technique,S deyeloped are pre-
sented throughout the report 0 In addition, a number of repres'entati ve 
viii 
struct~es subjected to blast forces are analyzed to illustrate the applicabil-
ity of the methods developed herein to such problems. 
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NOMENCLATURE 
Symbol Quantity or Parameter 
A. = effective loading area ofith mass 
l 
cd = drag coefficient 
the ratio of the peak pressure of the ith replacement triangle to the 
total peak pressure 
c . p , the peak. pressure of the i th ..... replacement triangle of a force 
l m 
pulse 
the damage pressure level for the ith replacement 
h = the vertical height from point of rotation to centroid of the 
externally applied load 
I mass moment of Inertia about 0 
o 
I~ = p~tJ/2, impulse' of applied force 
~ ~ ~-
kl ~/Xy' .initi~ elastic slope of resistance function 
L 
M 
M 
o 
p(t) 
= 
= 
= 
= 
= 
second, inelastic slope of resistance function 
~/yyi' stiffness of the ith spring 
the length of the structure 
effective mass of the system 
moment about 0 
maximum applied force 
applied force at time t 
maximum damage pressure level for a SDF system with decaying resist-
ance subjected to initially peaked triangular force pulse 
= maximum damage pressure level for a SDF system with decaying resist-
ance subjected to initially peaked step pulse 
6 p = overpressure level in atmospheres 
s 
p s =.::,overpressure 
Pd dynamic pressure 
Pr reflected pressure 
x 
NOMENCLATURE (Continued) 
Symbol Quantity or Parameter 
= atmospheric pressure (barometric) 
~ = yield resistance 
= nyieldlt resistance of the ith story 
= effective yield resistance of equivalent elasto-plastic resistance 
function· 
S = least distance from "stagnation" point to the edge of the structure 
t = time 
td = effective duration of the force pulse 
t 
cp 
t 
o 
t 
s 
= duration of an initially peaked triangular r~placement force pulse 
which has an area equal to that of an initially peaked exponentially 
decaying force pulse with the same peak pressure 
= duration of an initially peaked triangular replacement force pulse 
which has the same decay slope as the initial decaying slope of an 
exponentially decaying force pulse with the same peak pressure 
= positive phase duration of a blast wave 
= duration of triangular pulse having the same initial value and same 
area as the overpressure pulse 
T = natural period for small displacements. T = 2~ jM/kl 
T' = pseudo period corresponding to the equivalent elasto-plastic 
replacement resistance 
U = shock velocity 
v = velocity of system 
x = displacement 
x = velocity 
x = acceleration 
x = maximum displacement corresponding to p 
a a 
x = collapse displacement 
c 
x = maximum displacement corresponding to p 
r r 
I 
,·1 
·U 
• ! 
• • O •• .,J 
I 
: l 
':"".J 
Symbol 
x y 
x 
m 
w 
w 
= 
= 
= 
= 
= 
= 
= 
= 
= 
= 
= 
= 
= 
= 
NOMENCLATURE (Continued) 
Quantity or Parameter 
yield displacement 
yield displacement for elasto-plastic replacement resistance 
maximum response, maximum displacement 
x.- x. l' relative displacement between mass i and mass i-l 
J. J.- -
relative yield resistance of the ith story 
x Ix = ductility factor 
m y 
xl/xy = displacement at time tl 
x Ix 
c y 
x lx' m y 
x Ix a y 
x Ix ?' y 
circular velocity 
weight 
change in potential energy 
change in kinetic energy 
energy stored corresponding to displacement x 
Q w 'Work done on system 
xi 
' ... 
DEVELOPMENT OF PROCEDURES FOR RAPID COMPUTATION 
OF DYNAMIC STRUCTURAL RESPONSE 
1"1 Objectives of Program 
CHAPTER 1 
INTRODUCTION 
This program is concerned primarily with the behavior of structures, 
structural elements, and complicated assemblages of elements subjected to the 
dynamic forces ariSing from air blast or ground shock. This behavior is 
measured by deflection or stress, permanent deformation, damage, or collapse. 
The general objectives are: 
1. Development of charts or of rapid IIrule-of-thumb" methods for the 
prediction of critical levels of blast intensity to produce severe damage or 
collapse of specific structural types. 
2. Construction of charts or other procedures for the rapid deter-
mination of the magnitude of response of specific structural types to various 
. levels of intensity of blast or shock. 
3. Critical examination of the accuracy of predictions of critical 
levels of force, or of magnitude of response, in terms of the uncertainties in 
values of blast parameters, structural characteristics, and material parameters. 
4. Survey of the present state of knowledge relative to those items 
in Objective 3 which cause the greatest uncertainty in the predictions, and 
preparation of plans for further study of these items. 
5. Development of methods of calculation suitable for the accurate 
solution of problems of dynamic response in complicated structures using high 
speed automatic digital computers, preparation of codes for the determination 
2 
o~ dynamic respons~ of important classes o~ structures~ and where necessary, 
calculation o~ responses ~or 'a range of values of .. structural and blast 
parameters 0 
60 Coordination of research efforts and results with the activities 
of other research groups working in the field of weapons effects 0 
102 Scope 
The determination of the overpressure level required to give a 
specific amount of damage to a particular structure is complicated, because 
of the inadequate knowledge of loading and.resistance and also because of the 
lack of sufficient time for a thorough~ orcomplete~ analysis 0 
The loading depends not only on the overpressure but also upon the 
properties of individual elements of the structure which mayor may not trans-
mit load to the main frame depending on their individual propertieso Thus, the 
actual loading curve is likely to vary erratically with timeo 
The resistance fUnction is also subject to numerous uncertainties. 
Not only are the p~operties of the materials of which the structure is made of 
important, but the type of framing~ method of connection, rate of loading, etc., 
also affect the over-all resistance of the structure 0 
These inherent uncertainties preclude the possibility of an "exact YT 
analysis; thus~ certain simplifying assumptions are necessary and justifiable. 
In general~ the true loading curve has been replaced with a combination of tri-
angular load pulses with or without concentrated impulseso The true resistance 
curve has been approximated by a bilinear function having an initial elastic 
line followed by a second straight line ~or displacements greater than the 
yield displacemento The second line may have any slope depending upon the 
resistance characteristics of the structure 0 
Using these simplifying assumptions, several rapid methods have been 
developed whic~ yield s~pr±singly accurate results considering the uncertain-
ties involved. Extensive studies have been carried out to evaluate the errors 
which result from each of these simplifying assumptions and to modify these 
: .: 
procedures so that they will yield the maximum feasible accuracy without unduly 
complicating the analysis. 
In order to develop and verify the simplified methods of analysis, it' 
has been necessary to solve by the most accurate methods available a large 
number of problems, thus forming a basis for the evaluation of the various 
simplified procedures • 
The dynamic responses of :multi-story structures have been studied and 
the results are given in this report. These data are presented in chart form 
whereon are shown the relationships which exist among the numerous parameters 
involved. 
... :~... . 
• : 1· 
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CHAPTER 2 
'SINGLE ... DEGREE-OF-FREEDOM-SYSTEMS, 
2.1 Significant Parameters 
If a structure is subjected to a blast wave, caused by a nuclear 
explosion" it will respond in various modes or configurations. These modes 
may vary for different structures or different types of force pulses acting on 
the same structure. In the simplest case the structure responds in only one 
mode" or predominately in one mode, so that the configuration at any time is 
defined by the displacement of one point on the structure. If this point on 
the structure deflects in only one direction, then the structure may be repre-
sented by a single-degree-of-freedom or mass-spring system shown in Fig. 2.1. 
This simple mass-spring system has been used in the effects-of-parameters 
studies of this project since the dynamic behavior of this system corresponds 
quite well with that of a large ,majority of actual structures of interest and, 
fortunately, its behavior may be determined by relatively simple procedures. 
q(x) 
p(t) 
Fig •.. 2.1.. Single-Degree-of-Freedom System 
The motion of the simple mass-spring model depicted in Figo 2.1 is 
governed" if damping is neglected, by Eq .. (2.1). 
MX + q(x) = p(t) 
where M is the effective mass of the system, x is the second derivative of" 
displacement with respect to time (acceleration)" q(x) is the resistance of 
5 
the system as a, func;!tion of displac,ement j and, p{ t) is the externally applied 
force as a function of ,time. 
The displacement of the model corresponds to the displacement of 
some point on the structure, for example, the top of the columns'of a one-story 
structure. The,mass, ,or effective mass, is assumed to be concentrated at this 
point. The resistance of the structure is related to the sum of the resistances 
of the individual components of th~ structure. The forces caused by a nuclear 
explosion act on the coneentrated mass as an equiyalent force-time function 
which is related to the actual loads on the particular structure. 
It is presumed at this point that for a particular structure the 
effective mass, resistance, and loading are either given or may be obtained by 
methods presented in the "Compendium of Air Blast Effects, It published by Armour 
* Research Foundation (1) , or similar publications. The studies conducted on 
this project were primarily concerned with the dynamic response characteristics 
of the spring-mass model as they are influenced by variations in the three 
significant parameters -- mass, resistance, and loading., 
'2.1 • .:E Resistance-Displacement Curve. For the vast majority of 
actual structures, a plot of the displacement of the effective mass versus the 
resistance developed in the structure by the displacement is characterized by 
a general bilinear relation. Idealized, it takes the form shown in Fig. 2.2. 
The res'istance varies linearly with displacement for values of displacement 
less than the yield displacement, xy ' and equals the yield resistance, ~, when 
the displacement equals x. In the plastic region, i.e., x > x , the resist-y y 
.., 
anc'emay' increase,' decrease, or remain constant with increasing displacement, G 
depending on the value of the second slope, k2 0 The resistance function is 
* This number refers to the corresponding reference in the list at the end of 
this report .. 
6 
defined as strain-hardening for positive values of second slope) elasto-plastic 
for zero second slope) and decaying, or unstable, for negative values of second 
slope .. 
The natural period of vibration of· the model is determined in terms 
of the initial slope of the resistance function and the effective mass of the 
system by Eg. (2.2). 
T = 21C fF2 = 21CjMxz • J kl ~ 
q 
Fig. 2.2. Bilinear Resistance 
(2.2) 
strain-hardening, k2> 0 
x 
Elasto-plastic, k2= 0 
Unstable or 
decaying, k2 < 0 
2.1.2 Loading-Time Function. The character of the loading produced 
on a structure by a nuclear blast is dependent primarily upon the weapon size, 
distance to the structure) and the characteristics of the structure -- notably 
its geometry and orientation. Generally, the load-time variations can be 
idealized quite accurately by one of the pulse shapes shown in Fig. 2.3. For 
simplicity of computation and presentation of results, the pressure and time 
coordinates have) .as indicated on the figure, been reduced to dimensionless 
form by dividing . pressure; ,-p, .b.y the yield resistance, cay, time, t, by the 
natural period of vibration, T, and concentrated impulses, I, by the product of 
Even though each of the several pulse shapes shown would under some 
circumstance be applicable, undoubtedly the most commonly used fortn is an 
7 
initially peaked triangle. Thus) this simple pulse was studied most exten-
si vely and used as what might be called the "basic II load pulse. After the 
response of the simple spring-mass model to this basic pulse was thoroughly 
understood) the effect of modifications of that pulse were considered. These 
modifications consisted of concentrated impulses) finite rise times to maximum 
load) the presence of a precursor, multiple-triangular pulses, etc., which led 
to the several pulse shapes illustrated in Fig. 2.;. 
I 
<lyT 
(a) Initially Peaked Triangular Force 
Pulse with Initial Impulse 
tIlT 
(c) Finite Duration step Pulse 
(b) Delayed Rise Triangular Force 
Pulse with Two Impulses 
(d) Triangular Force Pulse with 
Precursor 
Fig. 2.;. Idealized Force Pulses 
8 
( e) Two Initially Peaked Triangular 
Force Pulses 
(f) Spherical Blast Wave 
Fig. 2.,. Idealized Force Pulses (Continued) 
2.2 Maximum Dynamic Response to Initially 'Peaked Triangular Load Pulse 
As indicated previously, the basic load form, if there is one, is 
an initially peaked triangular load pulse. Thus , exhaustive studies of the 
effect of variations in the proportions of such a triangle on the response of 
single-degree-of-freedom systems having any bilinear resistance function were 
made. As a result of these studies, all of which were carried out on the 
ILLIAC (the Electronic Digital Computer of the University of Illinois), it was 
possible to formulate rapid but simple and reasonably accurate methods for the 
determination of: (a) the maximum pressure of a given duration required to 
produce a specified maximum response, and (b) the maximum response that would 
be experienced by a particular system when subjected to a specified initially 
peaked triangular load pulse" 
The methods employed and the results obtained are presented in the 
sections that follow 0 
2.2.1 Elasto-Plastic Resistance. The maximum response of a single-
degree-of-freedom system having an elasto-plastic resistance function to an 
initially peaked triangular force pulse is presented in Chart I, page i. 
9 
This chart is a convenient plot of the results obtained from ILLIAC solutions 
of the equation of motion for a wide variation in the dimensionless loading 
function. Since the chart is based on exact solutions of the equation of 
motion) it is itself exact. Thus, the accuracy of values taken from it is 
dependent entirely upon the accuracy of the entry values and the care exercised 
by the user while interpolating between the curves. 
The simplicity of use of the chart is indicated in the following 
illustrative example. 
'Example: 
Given: 
Period of Vibration, T = 0.20 sec. 
Yield Besistance, 
'ly= 10 psi 
Yield Deflection, x = 1 .. 50 in. y 
Peak Pressure, ' , p = 18 psi m 
Load Duration, t = d 0.30 sec, 
Required: 
Magnitude of maximum deflection. 
Solution: 
Reduce the peak pressure and load duration to dimensionless form as 
follows: 
Locate tdlT = 1.5 on the horizontal axis and follow it to its 
intersection with Pm/~ (solid diagonal lines) = 1.8. At this intersection, 
read on the vertical axis x Ix = 16. 
m y 
10 
Therefore: 
Maximum deflection, xm = ~6xy' is 16( 1;.5) = 24 in. If 'it is of 
interest, the time at which this maximum deflection was reached can be read 
" 
from the dashed curves as approximately 1.48 times the per~od, or about 
0.29 sec. 
Obviously, the inverse of this problem can be solved just as readily. 
That is, the peak pressure required to produce a specified maximum deflection 
can be found -directly from this chart. It should be noted that, in general, 
the pressure requir~d to produce a specified maximum deflection can be deter-
mined with greater accuracy than can the maximum deflection produced by a 
specified peak pressure" This results from the fact that, particularly at 
large deflections, the magnitude of the deflection is very sensitive to peak 
pressure. For example, in the case given above, Pm/~ ofle8 gave a maximum 
deflection, Xm/Xy' of 16. If Pm/~ is increased only to 2.0, xm/Xy becomes 22. 
Thus, while the pressure increased only 11.1 per?ent, the deflection increased 
by 38.5 percent. 
'2.2.2 Strain-Hardening Resistance. The maximum response of a simple 
spring-mass system subjected to various types of force pulses was studied using 
several values of second slope for bilinear resistance function. Examination 
of these results indicated that a bilinear resistance with a positive second 
slope 'could be replaced by an elasto"'plastic resistance such that the maximum 
response under a given load remained unchanged. This made it possible to treat 
all such problems as elasto-plastic problems which can be solved by Chart I. 
OtherWise, it would have been necessary to have a number of comparable charts, 
each for a different value of second slope, k2! Furthermore, the reduction of 
all problems to equivalent elasto-plastic problems eliminates the errors, that 
11 
would be introduced by interpolation between charts for various values of k2 e 
Several methods of replacing a bilinear reSistance, having a positive second 
slope, with an elasto-plastic resistance were investigated. The results of 
this investigation are presented in Appendix A of the report. The constant 
period replacement appears best suited for our purpose and, therefore, is pre-
sented here.· The criteria for such a replacement are: 
1. The energy absorbed during the displacement of the elasto-plastic 
bilinear replacement resistance must equal the energy absorbed by the bilinear 
resistance for a corresponding maximum response value. This is equivalent to 
requiring that the area under the elasto-plastic resistance must equal the area 
under the bilinear resistance with positive second slope for a given value of 
maximum response, or that area "An be equal to area "B" as shown in Fig. 2 .. 4a. 
2. The initial slope (kl ) of the elasto-plastic resistance must be 
equ~ to the initial slope of the bilinear resistance. Thus, the fundamental 
period of' the system remains unchanged. 
and 
x x' y y x m 
Fig. g.4a. Constant Period Elasto-Plastic Replacement Resistance 
These conditions are met if the equations below are satisfied. 
(2.4) 
12 
where: Pm/ ~ = the peak pressure of' an initially peaked 
triangular f'orce pulse acting on a system having 
an elasto-plastic resistanceo The value may be 
obtained f'rom Chart I, page io 
x' y 
k 
the elasto-plastic replacement yield resistance. 
= the elasto-plastic replacement yield displacement. 
= x /x = the ratio of' maximum response to yield 
m y displacement. 
= x /xt. = the ratio of' maximum response to the 
m y replacement yield displacement. 
= k /k = the ratio of' second slope to initial slope 
2 1 of the given resistance function. 
Using the above equations, the damage pressure level (peak pressure of a given 
duration required to produce a specified maximum deflection) or the maximum 
response of a simple spring-mass system having a bilinear resistance with any 
positive value of second slope may be calculated as the behavior of' the equiva-
lent system having an elasto-plastic resistance. 
The error in maximum response or damage pressure level computed in 
this manner is generally very small, less than five percent. The application 
of' the method described above is demonstrated in the' illustrative example that 
follows. 
Example: 
If a simple system with a strain-hardening resistance, Fig. 204a, is 
subjected to an initially peaked triangular force pulse, Fig. 2.3a, page 7, 
then the maximum response is determined by a trial-and-error procedure, necessi-
tated by the fact that the replacement elasto-plast~c resistance function cannot 
be chosen until the maximum def'lection is known. 
. Given: 
Required: 
Solution': 
Pm/Cly = 1.4 
. t d/T ~., 2~~.o 
k ='k2/fl ~ +0.04 
Maximum deflection 
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As indicated, above, a trial-and-error technique is used. The steps 
are as f'ollows: 
(1) Assume a value for the maximum deflection, ~. 
(2) Solve Eqs .. (2,,'3) and (2.4) to obtain the equivalent elasto ... 
plastic resistance for this assumed value of ~. 
'(3) Using Chart I, determine the peak pressure necessary to produce 
the assumed deflection when acting on the replacement resistance. 
(4) Use:-Eq:'; (2.5) to convert this to the corresponding pressure for 
the original system. 
(5) Compare the value from (4) above with the given'peak pressure. 
( 6) Repeat this s.equence of operations, assuming a new ll' eLf the 
comparison of· (5) above' is not satisfactory. 
Using the technique outlined above, the stated problem is solved in 
the following tabulation. Coiumn (1) is the assumed value of ~; columns (2), 
(3) J and, (4) are the solu~ion of Eq. (2 .. 3); column (5) is the solution of 
Eq. (2.4); column (6) is obtained from Chart I; and column (7) is obtained from 
Eg. (2.5). Note that on the. third trial, p I~ was found to be 1e 39 which ~ 
. ill J 
agrees.very closelY,w~th the given value of '1.4. The~e~ore, it follows that 
: .. '". ~ ,. .. 
the maximum deflection of the given system is seven times the yield deflection; 
i.e., ~ = 7. 
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(1) ( :a~ ( 3) ( 4) ( 5) ( 6) (7) 
. Assumed 
fJ. IJ.-l (\J. ... l) (l-k) 1/2 ~/~ IJ.I Pm/~ Pm/~ 
10 9 8 .. 82 1.18 8.47 1.33 1.57 
8 7 6 .. 86 1.14 7.02 1 .. 27 1.45 
7 6 5,,88 1012 6 .. 25 1.24 1.39 
2.2.; Decaying Resistance. If a decaying resistance function is 
replaced in the manner described for the strain-hardening resistance, with an 
elasto-plastic resistance as shown in Figo 2.4b; then the computed damage pres-
sure level corresponding to a specified maximum response may be less than the 
damage pressure level for some m~ximum response v~.lues less th~n the specified 
value. This phenomenon occurs generally only when the duration of the force 
pulse is long. 
Fig. 2.4b.. Elasto-Plastic Replacement for Decaying Resistance 
In the case of the long duration pulse, there is a maximum damage 
pressure level, Po:' and a corresponding maximum response call.ed the app~ent 
maximum response, x = \J. x, which is less than the collapse displacement, x • 
0: 0: Y c 
This apparent maximum response, xo:' is the largest finite response obtainable 
for a given load duration since any pressure level greater than p will cause 
0: 
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an infini -ce . response·' and any pres'su.re'ievel' less than p will produce a maximum 
0: 
response less than the apparent maximum response, ~o: xy . The reasons for this 
phenomenon are 4iscussed in Section 2.3.2. 
If the maximum deflection of interest is less than that identified by 
~o:' the methods of Section 2.2.2 are directly applicable. On the other hand, 
if the maximum deflection of interest is in excess of that given by ~o:' then Po: 
is the controlling 'damage pressure level. Perhaps the simplest means for ob-
taining Po: and ~o: is by computing the damage pressure level for several values 
of maximum response and plotting a peak pressure versus maximum response curve 
similar to curve ABC of Fig. 2.5. To obtain a maximum response greater than 
that corresponding to ~o:' the peak pressure must be infinitesimally greater 
than Po:o Thus, the curve ABD represents the proper relationship between peak 
pressure and maximum response, since peak pressure is independent of maximum 
response for any maximum response greater than that corresponding to ~. This 
0: 
phenomenon occurs 'only when a system with a decaying resistance is subjected to 
a pulse of reasonably long duration. 
B r Actual D 
I I ,. 
I 
I 
:a::a:::: --. 
--.. ........ r From Eg. (2.5) 
C A 
I 
I 
~o: 
Fige 2.5. Peak Pressure Versus Maximum Response for a 
System with a Decaying Resistance 
, 'The same procedure that was used for' the strain-hardening case may 
also be "used for' a system having a decaying resistance except that in this case 
the results sho~dbeexamined in order to define p. Consider the following 0:. , 
example of an initially peaked triangular force pulse acting on a simple spring-
mass system having a decaying resistance 
( 1) ( 2) 
Assumed 
1-1 1-1-1 
3 2 
4 3 
6 5 
7 6 
8 7 
12 11 
14 13 
Pm/<ly = 0 .. 85 
td/T = 10 
"k ~ k2/kl = -0.04 
( 3) (4 ) ( 5) 
(1-1-1) (l-k) 1/2 ~/~ 1-1' 
2.04 0.96 3.12 
3 .. 06 0.94 4.26 
5.1 0·90 6.6 
6.12 0.88 709 
7 .. 14 0086 9·3 
11.21 0.79 15.2 
13026 0 .. 74 19·0 
( 6) (7) 
Pm/~ Pm/~ 
0.87 0.84 
0·93 0.87 
0.99 0 .. 89 
1.02 0·9 
1.04 0.89 
1.09 0.86 
1.12 0 .. 83 
Column (4) is the solution to Eq. (2.3) for the assumed 1-1 of column (1). 
Column (5) is the solution to Eq~ (2.4) which is obtained by division of the 
value in column (1) by the value in column (4). Column (6) is obt'ained from 
Chart I using td/T = 10 ~d 1-1' from col~ (5).. Column (7), the peak pressure 
corresponding to the assumed 1-1 of column (~), is the product of the values in 
columns (4) and (6). 
It may be seen from the table or from the plot of these results as 
shown in Fig. 216 that the given pulse, Pm/~ = 0.85, will cause a maximum 
response, J..l, slightly greater than 3 although there is another apparent solu-
tion at 1-1 = 12.5. It is important to note that a slightly greater peak 
17 
pressure, Pm/~ ="0.9, would':cause an infinite response and that a maximum 
response of 7 is the maximum finite response which may be obtained for this 
particular load duration. 
p' 
m' 
0·90 
~ 0.80 
/ V'"' 
, 
~ 
\l 
................. 
'", ~"-
1('\ 
..J..V 
"-
" 
......... 
Fig. 2.6. Peak Pressure Versus Maximum Response 
203 Damage Pressure Level Equation 
The damage pressure level is considered here to be the peak force 
value for a pulse of given shape and duration necessary to cause a desired 
degree of damage, i. eo, the peak force for a given maximum response. An ,-, 
appr'oximate equation for predii:cting damage pressure level of an initially 
peaked triangular force pulse was developed by Dr 8 N. M.. Newmark and was pre-
sented in an ASCE paper (2) and in the previous reports of this project. This 
equation may be used in lieu of Chart I, page io In the inverse problem of 
obtaining maximum response to a given pressure pulse, it is necessary to use a 
trial-and-error procedure. Tha~ is, the maximum response is assumed, the peak 
pressure required to produce this response is computed, and this process is 
repeated until the computed peak pressure corresponds with the given pressure. 
The following derivation of Newmark's equations is given. 
18 
2.3.1 Elasto-Plastic and Strain-Hardening Resistances. The kinetic 
energy of a system is zero when a structure is initially at re~t prior to the 
action of the force pulse, and again when a structure attains its maximum dis-
placement 0 Therefore J conservation of energy reqUires that the work done by 
the external forces during this period must equal the energy absorbed by the 
structure in the process "of 'deformation. If the duration of the initially 
peaked triangular force pulse is very short, then it may be considered as a 
pure impulse so that, the wark of the external force is defined as 
(2.6) 
The energy absorbed by the structure i~,attaining its maxim~ deflection is 
given byEqo (2.7) as the area under the resistance curve up to x • 
m 
x y 
I 
-------1 
B I I 
x 
m 
Fig. 2.4c. Bilinear 'Resistance 
1 kn . 0 
Q = A+B+C = -2 <L_ Xy + CL_(X - x ) + -=(x - x roo 
a -y -ym y 2 m y (2 .. 7) 
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Equation (2.8) is an "exact" solution for very short values of td and 
the error is quite small for values of td < 0.3 T. The prime on the p of this 
m 
equation is ··used to distinguish this solution from the long duration step pulse 
solution considered below. 
If the duration of an initially peaked triangular force pulse is very 
long, then the pulse is effectively a step pulse with infinite duration, and 
the work .. done by this force is equal. to the magnitude of the force times the 
distance through which it acts. 
Q = p x 
w m m 
Therefore, .conservation of energy requires that: 
(2.10 ) 
which simplifies to 
. . 1 ( 1) 2 
p" I ~_ = 1 - - + k 1.1.": 
m -y 2~ 2~ ( 2.11) 
The above solutions, Eqs. (2.8) and (2.11), have been combined in a 
single empirical equation which gives a good approximation of the damage pres-
sure level for an initially peaked triangular force pulse having any duration~ 
p;/~ Pm/~- = Pm·/~- + 
-y -y 1 0 .. 7T 
+ t 
d 
(2 .. 12) 
If an initial concentrated impulse in addition to the given triangular 
pulse is considered, then Eq .. (2.8) becomes: 
( 2.13) 
and Eq. (2.11) becomes: 
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Equation (2 .. 12) using pI and pIT from Eqs. (2 .. 13) and (2.14) generally 
m m 
yields a solution 'With an error of less than five percent. The maximum detected 
error in this equation i~ less than eight percent with the exception of the 
case discussed in the following section. 
2.3.2 Decaying Resistance. When the resistance is unstable, that is, 
when the second slope of the resistance function is negative, the error in Eq .. 
(2.12) may be quite large for a long duration force pulse and large values of 
maximum response. The problem here is identical to the replacement of an un-
stable resistance by an elasto~plastic resistance as described in the replace-
ment resistance section of this report. The simplest means of avoiding this 
error is to plot a peak pressure versus maximum response curve similar to Fig. 
2.5, page 15, and thus find the maximum damage pressure level, Pa" Then for 
all maximum response values greater than the apparent maximum response, IXa' 
corresponding to the maximum peak pressure, Pa' the damage pressure level must 
be equal to or slightly greater than Pae Though this technique could be used 
with confidence, it seems desirable that the user understand the reasons for 
the restrictions imposed 'When the resistance function has a negative second 
slope.. Therefore, the following discussion of this phenomenon is presented. 
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Fig. 2.7. Energy Stored Versus Displacement 
As i?-dicated previously, conservation of energy req,uires that the 
work done on the system by the force function prior ~o the time o~ maximum 
. response must be equal to the energy stored in deforming the system.at maximum 
deflection.. A plot of the absorbed energy versus maximum response for a typi-
cal unstable resist~ce function is shown in Fig. 2.7, 'abgve, as curve AGe If 
the applied load is a pure impulse, then the initial kinetic energy equivalent, 
Q k' i~ given by: 
2 1 2· 1 2· I Q = - MV = -(MV) =-k 2 2M 2M (2 .. 15) 
where I is the .. impulse, V is.velocity, and M is the mass of the system" Realis-
tically, from the standpoint ,of blast loadings, this condition is realized when 
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the duration of a triangular pulse is very short relative to the period of the 
structure, td/T < 0.3. For this case, 
and, therefore 
I = 1: p t 2 m d 
( 2.16) 
Thus, for this type of loading, the maximum deflection is identified as the 
deflection for which the absorbed energy is equal to Ok" Referring to Fig. 2.7, 
page 21, if for a particular case, Ok is equal to 01' then the maximum deflec~ 
tion is Xl" 
If the initial impulse, I, is followed by a pressure, Pm' of infinite 
duration, then the work done on the structure by the applied forces is given by 
12 
Q +0 =-+p x-k w 2M m m ( 2,,17) 
q 
which must, of course, be equal to the energy absorbed in the process of 
deformation. Referring again to Fig. 2.7, if the constant pressure, Pm' follows 
the energy equi~alentJ °1, of an initial impulse, the maximum deflection will 
be Xl. It is noted by reference both to Fig. 207 and the equation given above 
m 
that the work done by the constant pressure pulse plots again$t deformation as 
a straight line, the slope of which is equal to p. It follows then that as p 
m m 
increases, the maximum deflection increases until p reaches a critical value, 
m 
p r' which produces a critical maximum. deflection, x • 
'Y 
Obviously, an infinitesi-
mal increase in p above p IV will produce collapse of the system. since an applied 
m I 
energy plot of it would not intersect the absorbed energy curve at all, thereby 
indicating that regardless of the-deflection, the applied energy at that point 
is larger than the absorbed energy and therefore, the system continues in 
. 1 
-- .... 
23 
motion .. Only when the resistance f'unctionhas a negative second slope is the 
absorbed energy curve such as to permit a straight line to be drawn f'rom the 
kinetic energy equivalent, 01' of' an initial impulse that does not intersect 
or become tangent to the absorbed energy curve. 
If' the maximum def'lection of interest is less than the critical value, 
x , then the f'act that the resistance is unstable is of no consequence insofar 
)' 
as the determination of' the damage pressure level is concerned. However, if 
the maximum deflection is greater than x , then pI! as it appears in Eq. (2.12) )' m 
becomes p , the infinite duration pressure consisent with the critical maximum 
, )' 
deflection, x .. 
)' 
It should be emphasized that, because of the empirical nature 
of Eq. (2.12), only the second term of' it, which reflects the signif'icance of 
the inf'inite duration component of' the actual triangular load pulse, is affected 
by x. For purposes of' clarity, it should also be pointed out that p and x 
)' )' )' 
dif'fer from p and x in that the f'irst represent critical values for an infi-
0: 0: 
nite duration component of load, whereas the latter are critical values as 
determined by the trial-and-error procedure for the actual triangular load as 
discussed earlier. In other words, p and x are "answers Tt for a given problem; 
0: 0: 
P and x are only components of' the answer as they inf'luence the second term 
)' )' 
of Eq. (2.12). 
Because of' the obvious importance of' x and p in the use of' the 
)' )' 
dffillage pressure level equation, the following is presented as an analytical 
method for their eValuation. It goes without saying that they could also be 
evaluated graphically in a given case. 
Since the resistance,' curve BG of' Fig. 2.7, page 21, is a parabola ~ 
with its origin at G, the energy level f'or any displacement"between x and x y c 
is defined as: 
2 
- c(x - x) 
c 
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The constant c is evaluated by letting x = Xy for which ~nergy level 
Q y is known. Thus 
or 
o = Q - c(x - x )2 
Y c c Y 
c = 
Q - Q 
c y 
(x - x )2 
c Y 
substituting in Eq. (2.18} and simplifying yields 
o __ - 1 
x --- 2 ~ (2.20) 
The maximum peak. pressure is defined by the slope of a line tangent to curve AG 
passing through 0 1 , and E •. Therefore Pr is the first derivative of Eq. (2 .. 20) 
evaluated at x . 
r 
(2 .. 21) 
From the geometry of parabolas -it can be shown that ~ = h2, thus the average 
of 0' and Q is Q.. Also ;y c 
0'=0 +px andQ =0 +px 1 r c r -~ r r 
so that 
o = 0 ' + Or _ 0 + pre + x~ 
c 2 -1 r[2J 
or (2.22) 
o e = °1 + ~ ~~: :n 
Solving ror x yields: 
r 
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x
2 
= ~ (X2 - x x ) + x x r Q c cy cy 
c. 
(2.23) 
Letting I 2/2M and 11 = X Ix , then c' ~c c y 
(2.24 ) 
After the critical maximum response, x , 
r 
is determined the ,damage 
pressure level Eq. (2012) may be defined as 
p;/<ly 
Pm/CL- = Pm'/CL- + - for x < x 
-y -y 1 + 0.7 T m r 
td 
(2.25) 
or 
Pr/~ 
Pm/CL- = Pm'/CL- + - for x > x (2.26) 
-y -y 1· 0.7 T m - r 
+ t 
d 
where p~/~ is defined by Eg. (2.13), p;/<ly by Eq. (2.14) and Pr/<ly is obtained 
by evaluating Eq. (2.14) for ~ " 
r 
2.4 Maximum Dynamic Response to General Dec'aying Force Pulse 
For an initially peaked triangular force pulse the dynamic behavior of 
a structure is quite adequately defined by either Chart I or the damage pres-sure 
level equation. For other ~u1se shapes, which can be represented by several 
initially peaked triangular force pulses, a technique developed by Dr .. N. M. 
Newmark will define the dynam~c behavior of a structure. This can be done by 
using either Chart T or the damage pressure level equation as a basis. 
Pm/~ 
fl=Cl(~) 
A 
D 
( a) 
tT 
"1 
Fig. 2.8. General Decaying Force Pulses 
Consider the force pulse whose shape is represented by curve ACE of 
Fig. 2.8a. The relationship between peak pressure and maximum response" for 
this pulse shape is defined approximately by: 
where: 
. (2.27) 
fl := clPm/~ is the peak'pressure of the component triangular 
force pulse ABC; 
f" := c2?m/'1y is the peak pressure of the component triangular 2 
force pulse BDE; 
Fl -is the magnitude of pressure required to give the specified 
maximum response, if only the triangle involving f l , 
were acting,; 
F2 is the magnitude of pressure required to give the specified 
maximum response if only the triangle involving f 2, 
were acting. 
j 
"1 
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If 'an initially peaked 'decaying force is approximated by several ini-
tially peaked triangular force pulses (Fig. 2.8b), then the damage pressure 
level is definedby:a generalization of Eqo (2.27) 
(2.28) 
Peak pressures computed from Eqso (2.27) and (2028) are minimum pressures, lower 
bounds, 'consistent with specified maximum deflections. The errors in this 
averaging technique are generally less than 10 percent while the maximum error 
of 20 percent occurs when this technique is used to predict the damage pressure 
level for an infinite duration step pulse with an initial impulse. 
If the shape of the force pulse is such that it may be approximated 
. by two straight lines, then an upper bound solution may be obtained from the 
following equation: 
[~~ ~~2 + ~ ;~ = ~;r + ;~ = 1 (2.29) 
This equation complements Eq. (2.27) in that the solution f~om Eq. 
( 2. 27) has a maximum error when Eq. ( 2.29) is II exact" , i .. e ., when f 1 corre-" 
'sponds to an impulse and f2 represents a very long duration pulse. Conversely, 
Eqo (2.27) is "exact" when Eq. (2.29) has a maximum error, i.e., when the tri-
angular pulses are both of very short or very long duration, or when both are 
nearly equal in length. 
The precision of these equations is discussed in Appendix B of this 
,report. ,The maximum calculated error in Eqo (2.29) is 23 percent.. An upper 
boundpolution for an initially peaked decaying type force pulse which is 
'approximat.ed by more than two initially peaked triangular force pulses may be 
obtained,by squaring the impulsive components. It is, however, usually very 
28 
difficult if not impossible to detect which components are to be treated as 
"impulses" 0 
The applications of Eqs. (2027) and (2 .. 28) are demonstrated in 
several of the example problems below. 
As an illustration, assume that two initially peaked triangular force 
pulses of the character shown in Fig. 208a act on a single-degree-of-freedom 
system having an elasto-plastic resistance. Let the forcing function be de-
fined as shown in Fig. 2.8a, page 26, where: 
Pm/~' = 1 .. 9 f = 1 104 tl/T = 0.5 c = 1 0.74 
f = 2 0.5 t 2/T = 5·0 c = 2 0.26 
The maximum response, ~, corre sponding to Pm/~ = 1·9 is found by trial and 
error to be between 5 and 7 as indicated in the following tabulated solution of 
(1) (2) ( 3) ( 4) ( 5) ( 6) (7) 
Assumed 
IJ. Fl F2 cl/Fl C2/F2 Cl/Fl + c2/F2 Pm/~ 
2 1.4 0 .. 8 0.53 0 .. 32 0.85 1.18 
5 2.3 1.01 0.32 0.26 0.58 1.73 
10 3.2 1.13 0.23 0.23 0.46 2.18 
7 2.7 1.07 0027 0 .. 24 0.51 1.96 
Though the above tabulation indicates a maximum response correspond-
ing to 5 < ~ < 7, this may be slightly in error since it is obtained from Eq. 
(2027) which is approximate. A better picture of the accuracy of this solution 
can be obtained by investigating by means of Eq. (2029) the upper bound Pm/~ 
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ratios for ~ values ofiabout 5 and comparing them with the given value of 1.9. 
This can be done most easily by holding either fl or f2 constant at the given 
value and solving Eq. (2029) for the upper bound value of the other which is 
then added to the one held constant to give an upper bound for the total peak 
pressure. For example, holding fl constant at the given value of 1.4, f2 is 
given as: 
where Fl and F2 are read from Chart I (or, in this case, tabulated above) for 
~ = 5. Hence, the maximum value of Pm/~ that can possibly be required to pro-
duce a·deflection of five times the Yiel~ deflection is given by: 
pJ 1 l • .) 
~ \' = fl + f2~+5 = 1.4 + 0064 = 2.04 max 
Since this is s.omewhat larger than 1.9 as given, it follows that ~ for 'Pm/~ = 
1.9 may be less than 5. 
computed in identically the same manner as just described, the maxi-
mum possible peak pressure corresponding to a ~ of 4 is found to be 1.89 which 
is slightly less than 1.9, indicating that, in this case, ~ is at least 4. 
Since peak pressures computed from Eqo (2027) are lower limits, it follows from 
the preceding tabulation that ~ is no greater than 70 Therefore, for the given 
problem, it is now known that ~, as a measure of the actual maximum deflection, 
is greater than 4.0 but less than 7000 
Consider the following illustration of the general averaging Eq. 
(2.28). The replacement triangles of Fig. 208b, page 26, represent very 
closely the dynamic pressure curve for a peak overpressure (6 p ) of 10 atoms 
s 
as given by H. Lo Brodg in (10)0 The shape factors which were obtained graphi-
cally are: 
c = 0.58 tllT = 00025 t IT = 1 1 0 
c = 0028 t2/T = 0.05 t IT = 2 2 0 
c; = 0.107 tfT = 0.1 t IT = 4 0 
c4 = 0.033 t 4/T = 0.25 t IT = 10 0 
where t , the positive phase duration, is given equal to 40 To The peak pres-
o 
sure is given as 1. 6 ~ and the maximum respons,e is unknown. The maximum 
response may be obtained by a trial-and-error solution of Eg. (2.28) as follows: 
(1) ( 2) ( 3) ( 4) ( 5) ( 6) (7) (8) (9) , (10) (11) 
Assumed 
~ Fl F2 F3 F4 cl/Fl c2/F2 cfF3 c4/F4 L c/F Pm/~ 
2 1.03 0.88 0.81 0.77 0.56; 0.318 00132 0.043 1.056 0·95 
5 1.5 1.18 1.04 0.95 0.336 0 .. 237 0.103 0 .. 035 0 .. 761 1.31 
10 1·9 1.4 1.18 1.04 0.305 0 .. 2 0.090 0 .. 031 0.622 1.6 
The values of Fi were obtained from Chart I. This is a lower bound solution; 
therefore, it will require a peak pressure greater than 1.6 to cause a maximum 
response of 10 or, conversely, a peak pressure of 106 will cause a maximum 
response somewhat less than 10. 
205 Maximum Dynamic Response to Delayed Rise Triangular Force Pulse 
A small change in the rise time of a force pulse acting on a struc-
ture can have a significant effect on the maximum response of the structure. 
For example, consider a f9rce pulse of the type shown in Fig. 2.3b, page 7, 
where Pm/~ =,1.0 and tdlT = 10. It can be shown for this case that if tllT is 
less than 0.2, then ~ is equal to 7; however, if tllT is greater than 008, then 
~ is less than 105. Unfortunately, it is very difficult to predict the rise 
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time of a particular press~e.pulseaccurately. Thus, reliable computation of 
the maximum response of a structure subjected to a delayed-rise force pulse is 
very difficult, if not ~possibleo 
Fortunately, the damage pressure level usually does not change appre-
ciably with variations in the rise time •. That is, the peak pressure required to 
produce a specified maximum displacement is not nearly as sensitive to varia-
tions in rise time as in the maximum deflection produced by a specified peak 
pressure. For example, the damage pressure level for ~ = 7 and tl/T = 0.8 is 
found to be given by Pm/~ = 1.1, or an increase of only 10 percent over the 
damage pressure level for ~ = 7 and tl/T = O. 
The effect of rise time on the damage pressure level is defined 
approximately as follows. If the rise time of the force pulse is equal to 
several times·~t.he fundamental period of the structure, tl/T > 5, then the load 
is effectively a static load and the damage pressure level is equal to the 
yield resistance. 
The damage pressure level of an infinite duration step pulse (tl/T = 
0, td/T = 00, k2 = 0) as shown in the derivation of the damage pressure level 
Eqo (2 .. 11), page 19, is: 
1 
2~ 
Hence, the maximum effect of rise time on the damage pressure level is given by 
the ratio, R, of the static to step-pulse damage pressure levels: 
Pm/~ 
R l!..T > 5 1 2~ = = = 
P 7~ 1 1 2!J. - 1 
m -S/T = 0 2~ 
(2.30) 
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The effec·t of irise time on the damag'e pressure level may be consid-
erably less than the factor given by Eq. (2.30) when the rise time is short" 
tllT < 100. An upper bound'value of rise time effect, R, is'obtained by 
considering the elastic response case. The amplification factor for maximum 
response of an elastic structure subjected to long-duration delayed-rise 
triangular force pulse is given byEq. (2031). 
-' 
value, yields ~ 
x 
m 
x 
static 
-= 
T .:T( tl 
= 1 + ---- Sln --T--
:T( tl 
1 
T .:T( tl 
1 + ---- Sln -----T--
:T( tl 
x , its maximum elastic y 
(2.32) 
When the rise time, t l , is zero, Eq. (2.32) reduces to~ 
Pm/~ = 1/2 where tl = 0 
K, 
Thus, the elastic magnification factor is~ ratio, R, of the damage pressure 
,,) 
level for an infinite OOlration pulse with rise time, t 1 , to the damage pressure 
,:,f ;" ~'~Yl'ltC, dvlv-G+/O'''l f' 
level for a step pulse ~ 
1\ 
n 
~Jl 2 (2 .. 33) .LI. := ~Jl = tl :T( 1 T +-- sin--:T( t1 T = 0 
Using Eq. (2.33) as a basis, the following empirical equation was 
developed as a measure of the effect of rise time on the peak pressure required 
to produce any specified maximum deflection (i.e., damage' pressure level)o 
33 
R = 2 (2.34 ) 
but always 
R < 2lJ. (2.30) 
- 2!J. - 1 
These relationships are plotted in Fig. 2.9. Comparisons of values 
given by these equations with exact values obtained from ILLIAC solutions 
indicate a maximum error of approximately 8 percent. The validity of these 
equations is discussed in detail for a wide range of variables in Appendix B. 
For a pulse having a specified rise time, the peak pressure required 
to produce a particular ,maximum deflection can be found very simply as the peak 
pressure for a rise time of 'zero (obtained from Chart I or Eq. 2.12) multiplied 
by R as taken from Fig .. 2.9 or Eq. (2.34) and (2.30) .. 
It is evident from Fig. 2.9 that tise time has little effect on the 
damage pressure level required to collapse a structure, !J. > 5. In fact, it is 
often advisable to neglect rise time effects completely because the rise time 
usually cannot be computed with sufficient accuracy to warrant the use of 
Eq. (2.34). 
As an illustration, consider the case where a force pulse of the type 
shown in Fig. '2.3b, page 7, acts on a single-degree-of-freedom system 'having an 
elasto-plastic resistance function. 
Example: 
Given: Pm/~ = 1 .. 2 
t1/T = 0.7 
td/T = 2.0 
I/ClyT = 0 
R 
fJ.,= 
2.0~--------~----------r---------~----------~--------~--------~ 
2 R = ---==----:---1 /fL . 7T" tilT 1+-- SIn--
7T"tVT .;-p: 
1.8~----~--~----------~--------~----------r----+----~--------~ 
but R ~ 
1.6~---------r----------~--------~--------~r-------------------~ 
1.4~--------~----------~--------~--~------r---------~--------~ 
p.=2 
1.2~--------~----------~--~----~--~~----r---------~--------~ 
fL=5 
,u = 10 
,u =30 
0.2 0.4 0.8 1.0 1.2 
Fig. 2.9. Rise Time Factor (R) versus Rise Time 
35 
Required: 
Maximum deflection of the structure in terms of yield deflection. 
Solution~ 
Since the rise time factor, R, is related only to damage pressure 
level, a trial-and-error procedure will have to be adopted. Thus, a maximum 
response must be assumed for which the peak pressure in a pulse havipg the 
given duration and rise time is equal to 1.2 
As a first guess, the maximum deflection, ~, that would result if tl 
were zero can be read directly from Chart I as about 5.5. Obviously, a finite 
rise time will reduce the response. Therefore, assume that ~ is 5. From 
Eq. (2.)4)) the magnification factor, R, for a ~ of 5 is: 
R = 2 = 1 .. 08 
1 + ~ . 0.7~ s~n--0·7~ .J5 
Thus, to produce a maximum deflection of 5x , the peak pressure required is y 
1008 times that which would be necessary if tlwere zero. From Chart I, Pm/~ 
for tl = 0 is found to be 1.18. Therefore 
P~ = (1.08)(1.18) = 1.27 
~Jt1/T = 0·7 
J1 = 5 
which is larger than the given value ofl.2 indicating that the assumed ~ of 5 
was too large. The process must then be repeated. 
If ~ is taken as 4, R from Eq. (2.:;4) becomes 1.1 and from Chart I, 
Pm/~ for tl = 0 is also 1.1. Hence: 
P~ = (Ll)(Ll) = 1.2l 
~t/T = 0.7 
!l = 4 
which is v:ery ~lose to the given value of 1.2 indicating that the maximum 
deflection sought is approximately four times the yield deflection. 
Obviously, by additional trials exact agreement between the given and 
computed peak pressures could be obtained. However, such refinements are not 
justified in view of the approximate nature of Eq. (2034), since in the inelas-
tic range, maximum deflection is extremely sensitive to peak pressure. On 
the other hand, the peak pressure required to produce a specified deflection is 
a much more st'able quantity and 'can be evaluated directly by the techniques just 
illustrated. 
2.6 Maximum Dynamic Response to a Triangular. Force Pulse 
Preceded by a Rectangular Precursor 
The method to be presented in this section is essentially a combina-
tion of the ,averaging technique for multiple ,force pulses ·discussed in Section 
204 and the equivalent area, elasto-plastic replacement resistance function 
technique .. The general method of attack is to determine the velocity and dis-
placement conditions at the end of the precursor portion of the pulse, tllT, 
and then to treat the related problem of a triangular force pulse with initial 
impulse (i.e., initial veloCity) ~d initial displacemento The precursor type 
pulse considered is shown in Fig. 2.3d, page 7, and the resistance is elasto-.t 
plastic .. 
If the conditions (velocity and displacement) at t = tl are known, 
then the problem can be reduced to that shown in Figs. 2.10 and 2.11. 
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_I_=MV 
~_T 1 
Pm -y 
tl/Tt (t -t )/T t xl x x'=x +x x d 1 . Y Y 1 Y m 
Fig. 2.10 Fig. 2 .. 11 
The averaging formulas for force pulses give (see Eqs. (2027) and 
(2.29), pages 26 and 27, respectively): 
11 T 
fl f2 
2-- t f2 cayT 0 1 -+- = 
Fl 
+ - = 
Fl F2 F2 
(2 .. 35) 
for a lower bound, and 
(2.36) 
for an upper bound, where t is a fictitious, arbitrarily small duration for 
o 
the impulsive load component. We mus·': now find the values of Fl and F2" If, 
as in Fig. 2.11, we replace the resistalce function from Xl to xm by the equiva-
lent area resistance function (indicated b~r primes) such that x~ = Xl + xy' 
then the following relations hold. 
~ 2 2~f - (1-\-11) 
= (2.37) ~ 2IJ.' - 1 
td - tl t - t d 1 (<l!r/ Cly) 1/2 (2 .. 39) T' = T 
~ 
,$ 
where 
and 
\J.' = 
x ... x 
m 1 > 1 
x 
Y 
x 
\.11 = .-l: < 1 
x -
Y 
t d- tl Now, if:Xl is known, F 1 and F 2 are determined approximately by computing T I 
finding the corresponding damage pressure levels for \J." from Chart I, and 
multiplying by ~/~. If ~l ~ 1, then the conditions established by Eq. (2.37) 
are satisfied by: 
2\.1 t - 1 
Returning to Eqs. (2.35) and (2.,6), we may now use for Fl (which is an impul-
sive force) 
F = 1 
Substitution yields for lower bound: 
and for upper bound: 
41t? I 
f2 
(_1 )2 
1 -
~T 
F2 = 2 2~' - (1-\.11) 
(2.40) 
for \.11 ~ 1 (2.41) 
(2.42) 
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td t l . When If" - T J..S short, Eqs. (2040) and (2041) are exact, and when 
~d _ i is very large, Eqs. (2.42) and (2.43) are exact. For intermediate 
td t l · 
values of If - TT' .all the formulas are approximate. It is then a question of 
the errors in the approximate formulas and when they occur. Equations (2040) 
and (2041) give the maximum error when Eqso (2.42) and (2.43) are exact and 
vice versa. 
Since Il/~ T and ~l may be obtained directly from Figo 2012, we 
are dealing with the comparison of the formulas of the type: 
ft = (1 - a)F2 2 . 
2 f2 = (1 - a )F 2 
(2.44 ) 
where Eg. (2.44) corresponds to Eq. (2.40) or (2.41) and Eq. (2.45) corresponds 
to Eq. (2.42) or (2.43). When Eq. (2.44) is exact, then the error inEq. (2045) 
is: 
E (2.46) 
Equation (2.46) gives a maximum error of -100 percent when a = 10 When Eq. 
(2045) is exact, then the error in Eq. (2044) is: 
(1-a2)F - (l-a)F 
2 2 (100) = ~(100) 2 l+a (l-a )F2 
E = (2.47) 
Equation (2047) gives a maximum error of +50 percent when a = 1. Thus, 
Eqs. (2.42) and (2.43) are more satisfactory for general use. 
In the above discussion, the values of Fl and F2 are exact; i.e., the 
use of a replacement resistance is valid when impulsive or infinite duration 
force pulses are acting. For pulses of intermediate duration there will be some 
error incurred. These errors in Fl and F2 are greatest when ~l ~ 1 and ~1 = 1, 
.g 
0.5. i i Ii )Ii '" :> 
'/qybj 
0.41 
fJ-, = :y JilT = tilT 
I --.L . ..-L] 
qy T - 471'2 Xy tiT = tilT 
0.3 
I 
qyT 
0.2 
I I \~~l V ~ I "'-I 1.0 
..... 
0.9 
. " 'III' AT Al"1 ...... ~ 0.1 
o 
-0 I" ! ! 
. 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 O.S 0.9 
tilT 
Fig. 2.12. Impulse and Initial Displacement Replacing a Rectangular Precursor 
t . L~ ~ 
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then the maximum errori as detected from ILLIAC solutions is about -20 percent; 
in any case, the error is always negative. These errors in Fl and F2, being 
negative, tend .. to reduce the errors in Eqs. (2.42) and (2.43). 
Exam.ple~ 
Assume that the force pulse, Fig. 2.3d, page 7, defined by Pm/~ = 
0.59, tl/T = 0.25, and tdfT = 5, is given and it is required to find the maxi-
mum response, Ii 0 The e9.uations required for solution are Egs 0 (2.;f3), ( 2. 37) , 
or (2039), and (2042) or (2.43), which are summarized below. 
2 ~ = 2~f - (l-~l) 
~ 2~t-l ~l :s 1 (2. 37) 
~l 2: 1 
(2.:;8) 
~l ~ 1 (2.42) 
1 - ~l 2: 1 (2.43) 
It is convenient to set up th~ problem in tabular form, and proceed 
by systematically taking trial values of ~ = 2, 5, 10, etc., until the area in 
which the answer falls becomes apparent •. First we determine Il/~ T and ~l. 
From Fig. 2.12, for Pl/~ = 0.59 and tl/T = 0.25, Il/~ T ~ 0.09 and ~l ~ 0.6. 
Since ~l < 1, Egs. (2.42) and (2037) apply. In the table below, column 1 is 
the assumed value of ~, column 2 is ~', column 3 is ~f~ as determined by Eg. 
td - tl td - tl (2.37), column 4 is T' which is obtained by multiplying T by the 
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square root of the value in column 3, column 5 is 
plying the value of Pm/~ determined from Chart I 
td - tl T' ,by the value in column 3, arid column 6 is 
ing to the assumed ~ as determined by Eq. (2.42). 
(1) , (2) ( 3) ( 4) 
Assumed ~ td-tl 
~ ~' ~ Tt 
2 1.4 1.47 5.76 
5 4 .. 4 1.11 5 .. 00 
10 9.4 1.05 4.S7 
11 10.4 1.04 4.S5 
F2 which is obtained by multi-
for x /x = ~t and td/T = 
m y 
Pm/~ (= f2 here) correspond-
Since Pm/~ = 1.17, we can 
( 5) ( 6) 
F2 Pm/~ 
0.95 0"S3 
0.99 0·95 
1.19 1.16 
1.20 1.lS 
see that ~ lies between 10 and 11. For most cases this is sufficiently accurate. 
The exact answer to this problem, as obtained on the ILLIAC, is ~ = 10. 
2.7 Sliding Systems 
The analysis of a simple sliding 'system is very similar to that of 
the single-degree-of-freedom system discussed above except that the sliding 
system has a rigid-plastic resistance diagram. The structure will not begin to 
slide (deflection remains zero) until the applied external force becomes greater 
than the sliding resistance which is presumed to remain constant. 
A plot of the acceleration of a sliding system is very easy to con-
struct and it describes graphically the relationships governing the response of 
a single-degree-of~freedom sliding system. Consider &~ initially peaked 
triangular force pulse acting on such a system. Since the resistance function 
is rigid-plastic, it can be superimposed on the loading function to give a net 
force-time diagram, the net force at any time being equal to the difference 
between the applied force intensity at that time and the resistance. This net 
force-time function is readily converted into an acceleration-time diagram by 
dividing the ordinates by the mass of the system as is shown in Fig. 2013. The 
positive acceleration caused by the external loading tends to move the system 
and the negative acceleration produced by the resistance tends to decrease the 
motion. The increase in velocity of the system equals the area under the ex-
ternal force acceleration-time plot. Similarly the decrease in velocity equals 
the area under the resistance acceleration-time plot. The time of maximum 
response, t , must occur when the velocity is zero; thus, the area under the 
m 
two curves at this time is balanced; that is, the increase in velocity must be 
equal to the decrease in velocityo 
The magnitude of maximum displacement can be shown to equal the 
product of eltherthe net positive or negative velocity (area A or B of Fig. 
2.13) and the distance (time-wise) between the centers of gravity of these two 
areas. It is convenient to compute the magnitude of the displacement (the 
magnitude of couple caused by the force and resistance-time acceleration-time 
plots) by summation of moments of total force acceleration-time area and the 
total r.esistance acceleration-time area about 0, thus taking advantage of the 
fact that the moment of a couple is the same about any point. In this manner 
the computation of the two net area centroids is avoided. 
While the illustrative example indicated in Fig. 2.13 assumed an 
initially peaked triangular load pulse having a duration shorter than the time 
·to maximum response, it is obvious that the method would apply equally as well 
to a load pulse of any shape. It is, however, essential that the resistance , 
function be rigid-plastic; otherwise, the resisting acceleration-time function 
would not be completely known. 
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Fig. 2.13. Acceleration-Time Graph 
The damage pressure level equation for a sliding system is sometimes 
easier to use than the acceleration diagram just discussed, although it is not 
as accurate. The equation is especially useful when only the structural 
parameters are given and both pressure and duration are to be computed.. Thus, 
an approximate solution is quickly obtained and then the acceleration diagram 
may be used as a check. 
The peak pressure of a long duration force pulse must be equal to or 
greater than the sliding resistance; otherwise, the structure will not move. 
Thus 
p~/'iv 2: 1 (2.48) 
- " 
If the load duration is short enough to be considered a pure impulse, 
then the energy absorbed, Q , in deformation must be equal to the impulsively 
a 
applied kinetic energy, Ok" 
Q = ~_x 
a -ym 
1 
2M 
-.....; 
where ~ is "the" resistance, xm "is the maximum. displacement" M is the mass of 
the system" Pm is the peak of the applied triangular force" and td is its 
duration~ 
The damage press"tire level for an initially peaked triangular force pulse with 
a duration between that of an impulse and infinity can be approximated by the 
sum of Egs. (2.48) and (2.49) as follows~ 
" 2~X P /Q_ = 1 + _ m 
m -y td ~ (2.50 ) 
For an illustration, see page 
2.8 Overturning Systems ~thout Sliding 
w 
Fig. 2.14. Overturning Target 
In this problem it is assumed that the structure will be seriously 
damaged if it overturns. Thus, it is only necessary to consider the conditions 
which will cause the structure to be on the verge of overturning. In the fol-
lowing only the resistance "to overturning offered by the structure's weight is 
considered. The force pulse is assumed to act laterally on the structure and " 
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have a short duration such that the structure will not move appreciablY'while 
the force is acting. 
Consider the system shown in Fig. 2.14 where W is the weight, x is 
c 
the collapse displacement, D is the distance from the center of gravity to the 
point of rotation, p is the peak force which acts at the centroid of the verti-
m 
cal face of the structure, and h is the moment arm of the lateral force. 
The initial kinetic energy of an initially peaked triangular pulse is ~ 
where I = MD2 + I 
o c.g. 
and 
td 
Io"" = f Mo dt 
o 
td 
IowJ - [Pmh (1 - ;d) 1 dt 
o 
I w = 
o 
pi h t 
m d 
2 
(2.52) 
The work done on the system to overturn it is equal to lifting its weight from 
the position of rest to a position such that the center of gravity is directly 
above the center of rotation. 
(2.53) 
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Expanding the square root in binomfnal series and dropping the higher order 
terms yields 
.. · ] 
Equating Q k and Qw~ 
or 
%' 2 R P '/~- = - .-..£.. m -y td gD 
where 
When the duration of the force pulse is not short (impulsive), then 
the loading is difficult to define. The peak force must at least equal the 
initial resistance (~) or the system will not move: 
pIT 
m 
'ly 
- I (2. 55) 
The damage pressure for an initially peaked triangular force pulse with a dura-
tion between that of an impulse and infinity can be approximated by the sum of 
Eqs. (2.54) and (2.55) as 
however, it should be noted that as the system rota~es the forces acting on the 
sides and bottom of the system will change considerably. Thus, the effective 
force pulse may be considerably different from the initially peaked triangular 
pulse assumed in E.q. (2 .. 56) . 
CHAPTER 3 
MULTI-DEGREE-OF-FREEDOM SYSTEMS 
3.1 Significant Parameters 
3.1.1 Replacement Models. The multi-story structure has been repre-
sented as a series of concentrated masses supported by a weightless spring 
system. Each mass represents the mass of one floor of the structure plus a 
portion of the masses of the adjacent columns, walls, etc&, which are assumed 
to act with that floor. The resistance of the structure is related in this 
study to one of two systems of springs. In the simpler case, the girders and 
floor system are assumed to be infinitely stiff~ Thus, all of the columns and 
shear walls connecting two adjacent floors may be replaced by a single spring. 
This configuration resembles a vertical cantilever beam experiencing only shear 
deflection and this is commonly referred to as a shear beam. In such a system, 
the force: in a particular spring, i.e .. , ·the resistance, at any given instant of 
time is dependent only 'on the relative displacements of adjacent masses. 
When the girders are not considered infinitely stiff in flexure rela-
tive to the flexibility of the columns, then the shear in each story at any 
instant of time isa function of the configuration of the entire structure. 
Such a system is referred to as a flexibl~ girder system. 
x 
n 
p (t) 
n 
Fig. 3.1. Multi-Degree-of-Freedom System 
'I 
_: I 
The undamped motion of the multi-degree-of-freedom system shown in 
Fig. 3.1 is governed by the following equations: 
= p. (t) 
l 
l<i<n 
and ( 3.1) 
i n 
where M. is the effective mass of the ith floor, x. is the second derivative 
l l 
of the displacement, x., of the ith floor, with respect to time (acceleration), 
l 
and q(y.) is the resistance or shear of the ith story. This resistance is a 
l 
function of the relative displacement, Yi = xi - xi _l ' for the shear beam sys-
tem while the resistance of any story when the flexible girder system is used, 
is a function of displacement, x., of every mass, p.(:t) is the externally 
l l 
applied load as a function of:~·time. 
As in the single-degree-of-freedom system, it is presumed that for a 
particular structure the effective mass, column stiffness and ~eld moments, 
and loading are either given or may be obtained by methods similar to those 
presented in Ref. (1). 
3.1.2 Resistance-Displacement Functions. The resistance of the 
shear beam systems studied on this project were considered to be elasto-plastic. 
The stiffness of each story is defined as the sum of the stiffnesses of the 
individual components (i.e., columns, shear wall, etc.) and the yield resistance 
similarly is obtained from the sum of yield resistance of all of the components 
in that story. Assuming that all components yield at the same displacement, 
the resistance varies linearly with relative displacement for values of dis-
placement less than the relative yield displacement, yyi' and equals the yield 
resistance, ~i' when the relative displacement, Yi' is greater than or equal 
to the relative yield displacement, y .• yl 
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The yield resistance may vary from story to story in a struc~ure 
depending ·on variations in the columns, etc., and depending upon the height of 
the structure 0 This distribution of yield resistance may be a very important 
parameter in defining the dynamic behavior of a.multi-story structure. It is 
more convenient, however, to measure the relative strength of a story in terms 
of the yield resistance divided by the effective loading area above the story 
in question. This factor, called the yield shear strength, is a measure of the 
.relative ability of various stories to resist lateral forces and.is considera-
bly different from the yield resistance of a structure. Consider the following 
illustration of the difference in these parameters. 
story 
1 
2 
3 
Loaded Area 
2 A3 = 15,000 in .. 
A2 = 20,000 in. 2 
~= 2 20,000 ino 
Yield Resistance 
Relative 
150 3 
100 2 
50 1 
Yield Resistance 
~l 
n 
Yield Shear Strength( <L_. /.) A. ) 
-y~ :..-..J ~ 
2.73 
2.86 
3033 
Relative 
0.82 
0.86 
i=i 
--
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Thus, although the first story has three times the yield resistance 
of the top story, its yield shear strength is 18 percent smaller .. ,' The yield 
strength is given in terms of the load, in psi, applied to the loaded area 
above the story in question. 
,.1., Natural Periods of Vibration. The fundamental period of the 
multi-story structure has been used as the basic scale for measuring the dura-
tion of the applied forces. The period may be computed with a reasonable 
degree of accuracy by the Rayleigh-Ritz (8) procedure outlined below. More 
formal methods of computing this period are presented in Appendix A of the 1957 
final report (5) for both the shear beam and flexible girder systems. 
The Rayliegh-Ritz method defines the fundamental period as: 
n: 1 
.~ 2 "2 
Mi Xi 
:.......J 
T = 2:1t i=O (,.2) n, 
I k. 2 l Yi 
i=O 
where x. is the displacement resulting from applying the weight of the struc-
l 
ture as a lateral static load; 
Yi = Xi - xi _l is the corresponding relative displacement; 
k. the stiffness of the ith story; 
l 
M. the ith mass; and 
l 
T the approximate fundamental period. 
Equation (,.2) may also be used to compute a pseudo period correspond-
ing to any assumed configuration. The relation between maximum response and 
peak pressure is generally predicted with less error if the duration of the 
force pulse is measured in terms of a pseudo period. This period corresponds 
to a tlstatic" collapse configuration and is obtained in the following manner. 
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A uniform lateral static load is placed on the structure such that the weakest 
story has "yielded!!. Under this load the relative displacement o"f'each story 
is computed with the exception of the "yielded" story. This llyielded" story' is 
displaced with the static load constant to a collapse displacement~ Then using 
the resulting configuration, the· pseudo period is determined using Eq. (3.2). 
3.1.4 Loading 0 The loading on the multi-story structures considered 
on this project was assumed to act laterally and uniformly over the effective 
area of the structure. This total force was distributed among the masses in 
proportion to the effective lateral area attributable to each masso Only ini-
tially peaked triangular force pulses were considered. 
3.2 Maximum Relative Response 
An exploratory investigation of the maximum relative response of a 
three-mass shear beam was conducted using the ILLIAC codes. The results of 
this study were presented in the 1955 final report (3). The damage pressure 
level, corresponding to the maximum relative response, was computed using the 
pseudo period, the yield strength as defined in Section 3.1.2 and Chart I. 
This computed damage pressure level was compared with the actual damage pres-
sure level determined from the ILLIAC solutions. The results of this compari-
son are shown in Fig. 3.2. 
Each point on the chart of Fig. 3.2 represents the percent error in 
damage pressure level resulting from the use of the pseudo period and the corre-
sponding equivalent single-degree-of-freedom system, for a particular problem. 
The actual damage pressure level was used as a basis; thus, a positive error of 
20 percent means that the damage: pressure level predicted using Chart I is 20 
percent greater than the actual pressure level. 
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It may-' be observed from Fig: 3.2 that the prediction is better for 
larger values of maximum response and that the scatter is about ± 20 percent 
except for very small values of response. 
A ~mallgroup of problems were worked for both five- and ten-degree- . 
of-freedom systems. : The results obtained (not plotted in Fig. 3.2) indicate 
that a more extensive study of the dynamic behavior of multi-story structures 
is desirable. The upper stories of a tall structure may tend to whip off at 
pressure levels considerably less than those predicted using Chart I. The 
extent of this whipping action is dependent upon the mass, loading areas, and 
shearing strengths of the upper stories as compared to the corresponding 
par@lleters of the lower stories of the structure. It is difficult to establish 
a correction factor for this effect from the limited data presently available, 
but it appears that at least one of the lower stories will be seriously damaged 
if the upper stories are stressed s~fficiently to be collapsed. 
If one of the lower stories has a considerably smaller shear strength 
than the other stories' (i.e., 20 percent less) then the structure behaves pre-
dominately as a single-degree-of-freedom system. The weaker spring deflects 
while the remainder of the structure moves more or less rigidly. The damage 
pressure level for such a structure can be predicted reasonably using Chart I 
provided the pseudo period corresponding to a collapse configuration is used as 
a measure of pulse duration in lieu of the fundamental period. 
The effects of the flexibility of the girders were found to be of 
secondary importance. It does not appear feasible to consider such refinements 
in analysis until the me~hods for prediction of the behavior of the shear beam 
are further refined. This statement is based on the results of a study on 
flexible. girder structures which was reported in the 1957 final report (5). 
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Illustrative Example 
Given the structure idealized as shown, find damage pressure level 
for I-L = lOo 
A3 = 10,000 ino 2 
A2 = 20,000 in0 2 
Al = 20,000 in.,2 
, " 
The yield shear strengths 
~, -!A3 
~,2/A3+A2 
y = 1" y,3 
y = IT! y,l 
are~ 
44 
= 10 
105 
= 10+20 
175 ~,l/Al+A2+A3 = 10+20+20 
M = 2 
M = 1 
= 4.4 psi 
3.5 psi 
= 3.5 psi 
0 .. 88 k 
0.88 k 
2 
sec 
in. 
2 
sec 
in. 
2 sec 
in. 
The static deplacement produced by a uniform load of 305 psi after displacement 
of the yielded story to the given J.l.~ 
I 
I' 20" 
r 
10" 
I 
The pseudo period corresponding to this configuration is~ 
n 
\' 2 L Mi"~i 
T = 21l' _i_=l __ _ 
n 
1 
2 
1 
2 
(3.2) 
If the effective duration of an initially peaked triangular force 
pulse is given as td = 1.0 sec then using ~ = 10 and tdfT = 1.0/0.94 = 1.06 the 
damage pressure level from Chart I is: 
The damage pressure level obtained from the ILLIAC is~ 
.... 
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CHAPTER 4 
. ; 
ILLUSTRATIVE EXAMPLES 
4.1 Introduction 
The pressure-duration relationships necessary to cause a specified 
maximum response are calculated in this section for several examples. The 
methods used to define the characteristics. of the blast loading and the 
structural parameters are taken from the references listed at the end of this 
report. In some cases the structural parameters were specified by letter from 
the project sponsors. No attempt is made to check or justify the procedures 
given in these references. The only errors considered here are those stemming 
from calculation of maximum response. 
The load pulses used in these examples are initially peaked triangular 
force pulses. The peak pressure, p , is the maximum pressure of the force pulse 
m 
which may be the overpressure, p , the reflected pressure, p , the drag pressur~ 
s r 
Pd' or a combination of these. 
The relations between overpressure and duration are taken from various 
unclassified references (2, 6) in order to offer a complete solution to the 
eXffillples without introducing classified material. In actual application, the 
analyst should use more complete relations from current available data. 
The following equations were obtained from Ref. (2) and are repeated 
here to facilitate their use throughout this section. The peak dynamic pres-
sure, Pd , is defined in terms of the peak overpressure, Ps' as: 
2 
2.5 Ps,..., ·2· 
Pd = 7 = 0.022 p Po + p·s s ( 4.1) 
where Po is the ambient barometric pressure~ The duration, t d, of the drag 
pulse is assumed to be approximately one-half of the effective overpressure 
duration, t , which equals three-fourths of the positive phase duration, t , 
s 0 
for the pressure levels occurring in these examples. Thus: 
The intensity of reflected pressure, Pr' is expressed by the relation: 
6 ps Ps 
= 2 + 7 ,~ 2 + 20 
Po + Ps 
(4.3) 
The duration, t l , of the reflected pressure, Pr' is determined from the dimen-
sions of the structure as 
(4.4) 
where S is the least distance from the l1stagnation" point to an edge of the 
structure. That is, the lesser of the height, H, or ·the half-width, B/2. The 
shock velocity, U, is assumed to be 1400 fps. 
The damage pressure level, p , for a drag type structure is expressed 
m 
in dimensionless terms as: 
(4.5) 
where Cd is the drag coefficient and A is the effective area of loadingo A 
Fig. 4.1. Interior Bent with Fixed Column Bases 
Spaced 20 Feet Center to Center 
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Given: 
For the building frame shown in Figo 4.1 the following structural 
parameters were interpolated from the tables of Ref. (1). 
Table 401 
Parameter Value Reference Table Page 
Effective Weight 18.4 psf 1 4 1.2.2.4-6 
Yield Resistance 146 kips 1 1 1.2.2.4-3 
Yield Displacement, 0.92 ft 1 3 1.2.2.4-:5 
Effective Drag Area 0.289 ft2/ft2 of plan 1 2 1,.2.2~6-5 
Find~ 
The problem is to find the damage pressure level for a 1 Mt weapon 
(typical air burst) corresponding to a given maximum, displacement. For this 
e~ample the maximum displacement is taken to be ten times the yield displacement) 
J..I. = 10. 
Solution: 
From the values given in Table 4.1 and the dimensions of the building) 
the structural parameters for the single-degree-of-freedom model to be used in 
the analysis can be calculated. These values are summarized in Table 4.2. 
Table 4 .. 2 
Parameter Calculation Value 
Plan Area 20(100) 2000 ft2 
18.4 G200~ 2 Effecti ve Mass 1.14 kiPf~ec 32 .. 2 1000 
Drag Area 0.289(2000) 578 ft2 
The natural period of'the structure is 'given by Eq. (202) as: 
0.53 sec (2.2) 
60. 
It is now possible to proceed with the solution. Since both the peak 
pressure and the duration of the force pulse are unknown, a trial-and-error 
solution must be used .. 
1st Trial: 
Assume~ 
td = co 
From Eg. (2.il), page 19, for td/T = co, k = 0., Pm/~ = 1 - 1/2~ = 0..95 • 
. The drag pressure, Pd' is given by the relation~ 
0..833 psi 
Then Eq. (4.1), page 57, yields: 
p = 
s 
0..833 
= 6.1 psi 0.00.22 
(4.5) 
(4 .. 1) 
Using the charts on pages 10.9 and 117 of Refo (6), the positive phase duration 
is, found to be: 
t = 0.0255(10.) = 2.55 sec 
o 
Equation (4.2) yields the effective duration of the force pulse as: 
Thus: 
.. 
t:-~ ~ 0..956 - 1 79 
T 0..533- .. 
From Chart I we find for ~ = 10.. and tq:/T = 1.79: 
p /~_ = 1.48 m -y , 
(4.2) 
1 
.' i 
.oJ 
. 1 
. j 
-......I 
Comparison of the assumed ~r.es~ure ,(since assuming td is equivalent 
, .. 
to assuming the pressure of Pm/~ = 0.95 and the pressure found by the analysis, 
Pm/~, = .. ,1.48,,,.,, reveals~h~t we. have ... not found the solution, so we must make a 
second trial. 
2nd Trial: 
Assume: 
we obtain; 
Pm/~ = 1.48, then using the procedure illustrated in the first trial 
p = Pm/~(~) _ l.48tl46~lOOO = 
d c.d Ad - 2 578 l44 l. 30 psi 
Ps = . /~:~2 = 7.66 psi 
't = '0.245(10) = 2.45 sec 
o 
(4.1) 
(4.2) 
From Chart I we find: 
Since this. value of Pm/~ agrees closely with the assumed value, the 
problem is now solved. Thus, the side-on overpressure necessary to cause a 
maximum response of 10 x = 9.2 ft is approximately 7.6 psi. For the 1 Mt y, " , '. ' , 
weapon considered, this corresponds to a range of approximately 1.75 miles 
(page 109, Ref. 6). 
... 
4.3 Example 2. Diffraction Type structure 
Loading 
Direction 10 TCRANE 10 T CRANE 10 T CRANE 
20' 
50' 50 f 
Fig. 4.2. Interior Bent with Fixed Column Bases 
Given~ 
For the frame shown in Fig. 4.2 the exterior walls are assumed solid 
to illustrate a diffraction target and the over-all length of the structure, 
perpendicular to the loading direction, is assumed to be of such length that 
the shear-wall action of the end wall-will not contribute to the resistance of 
the bent in question. The following structural parameters were interpolated 
from the tables in Ref. (1) and are summarized in Table 4.3 below. 
Table 4.3 
Parameter Value Reference Table ~ 
Effective Weight 13 psf 1 2 1 .. 2 .. 2.5-5 
Yield Resistance 80 kips 1 2 1 .. 2 .. 2.5-5 
Yield Displacement 0 .. 17 ft 1 2 1 .. 2.2 .. 5-5 
Find~ 
The problem to be solved is to find the damage pressure level 
required to produce a maximum response of five times the yield displacement 
for a 1 Mt weapon (typical air burst) .. 
Solution: 
From the values given in Table 403 and the dimensions of the building, 
the structural parame~ers for the single-degree-of-freedom model to be used in 
analysis can be computed. These values are summarized in Table 4.4. 
Table 4.4 
Parameter , Calculation Value 
Plan Area :' ,,- : 150(20) 3000 ft2 
3000 r 13l' 
1000 l)202J 
, 2 
1 21
' k sec Effective Mass' 
Yield Shear Strength 
Load Area 
80(lOOOl 
400(144 
20(20) 
• ft 
'1 .. 39 psi 
400 ft2 
The natural period of the structure is given by Eq. (2.2): 
T 2~ jM::= 2~ 1 .. 211(0.17) 80 0.318 sec (2.2) 
It is now 'possible' to proceed with the solution of the problem. A 
trial-and-error procedure is necessary, since both the damage pressure level 
and the duration of the drag component of the force pulse are unknown. 
The shape of the net force pulse is determined approximately by 
assuming a reasonable value of overpressure, p , and checking this assumption 
s 
at the end of each trial.. Let us assume the overpressure equals the yield 
reSistance, ps = ~ = 1.39 pSi, and then draw the net force-time relationsr~p. 
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p = 2 .. 91 
r 
Fig. 4.3. Net Force on a Diffraction str.ucture 
'. 
The pressures and durations shown in Fig. 4.3 were obtained as 
follows: 
6 p 
P r = P s (2 + 7p + s p ) 
o s 
2.91 psi 
(4.3) 
3S' 3t20) tl = U = 1 00 = 0.043 sec ( 4.4) 
(4 .. 1) 
Fig. 4 .. 3 
and 
Fig .. 4.3 
The pulse reaches the rear face at time, 
L 150 
t2 = U = l450 = 0 .. 107 sec 
The force on the rear face attains a maximum at time , 
The net force equals the difference between the force on the front 
and rear faces of the structure. The time of maximum response may be estimated 
in this case by replacing the actual pulse by an initially peaked triangular 
pulse having the same initial pressure and an equal area. The duration of the 
replacement triangular pulse in this instance happens to be approximately one-
half the period. Entering Chart I, page i, with td/T = 0.5 and ~ = 5 we note 
that t /T = 0'4'7.. Since the major portion of the pulse occurs before the time 
m 
of maximum and has a duration of less than one-half the period, the net force 
pulse may be consi.dered very nearly as an impulse and may be replaced by an ini'-
tially peaked triangular force pulse with a duration which is given by Eq. (4) 
of Ref .. (2). 
t ~ L +38 
d u +38 
t 
s 
Assuming t ~ 1.5 sec, then 
s 
t = d 
r~210 I41+5 = 0 .. 146 sec 
(4) of Ref .. (2) 
(4) of Ref. (2) 
Note: the value of ts has little effect on td in this case. Entering Chart I 
with td/T = 0.146/0.318 = 0.46 and ~ = 5 we obtain 
Thus: 
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Solving Eg. (4.3) for overpressure yields: 
Ps = -20 + /400 + ,20, Pr = -20 + 21.65 1.65 psi (4.3) 
Using the charts on page 109 and 117 of Ref. (6) yields: 
t = 3/4 t = 3/4(304) = 2.5 sec 
s 0 
The computed duration, t , does not correspond to the assumed value 
s 
of ts = 1.5 but this variation has little effect on effective duration, t d, as 
defined by Eq. (4) of Ref. (2). Since the computed overpressure, p = 1.65, 
s 
agrees in order of magnitude with the assumed value, p = 1.39, the shape of 
" s 
the force pulse given in Fig. 4.3 is reasonable and there is no need to redraw 
it .. 
Suppose, for purposes of illustration, that the period of this struc-
ture equals 
T = 0.1 sec 
The time of 'maximum. for a long duration step pulse and iJ. = 5 is 
1.7 T = 0.17 sec. Obviously the pulse shqwn in Fig. 4.3 is not a step pulse 
and, therefore, will have a time-to-maximum. of considerably less than 0.17 sec. 
Since the maximum response occurs before the pressure builds up on the rear 
face, the structure must resist the front face force plus the drag force, that 
is, the triangular force pulses ABC and BDO of Fig. 4.3, page 64. The analysis 
for this type of force pulse i~ described in Section 2.4, page 25, and Appendix 
B of this report. It is again necessary to assume overpressure duration 'so let 
t l.5 sec. Then pulse ABC has apeak pressure 
s 
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and a "duration 
while pulse BDO has a peak. pressure 
and a duration 
we obtain from Chart I, page i, with ~ = 5, tl/T = 0.43 and t 2/T = 15 
Substitution of these quantities in Eq. (2.27), page 26, gives 
Solving this for an approximate value 
p ~ 0 .. 97 psi 
s 
yields: 
= 22(0 .. 0442) 
(2.27) 
From the charts on page 109 and 117 of Ref. (6) we obtain time, t , thus 
o 
ts = 3/4 to = 3/4(4.0) = 3 sec 
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t2 
Thus, ~ changes from 1:5 to 30 and F2 changes from 0 .. 93 to 0 .. 92" Since. the 
change in .F2 is so small, there is no need to make an additional trial .. 
If we again consider the same problem except for assuming 
T = 0 .. 03 sec 
then the effective force is again different· since the maximum response will 
occur during the reflected pressure portion of the force pulse. The duration 
of an initially peaked triangular replacement pulse is defined by Eq .. (5) of 
Ref. (2) 
t . =6s 
d u + 3S 
t 
s 
. Again using t = 1.5 sec 
s 
t - 6(20i 0.083 sec 
d - 1400+ 3 20) -
1 .. 5 
From Chart I with II = 5, t /T- 0.0~3 - 2 7 
r- d - 0 .. 03 - .. 
Thus 
t= .1 .. 1( Q. 0.:;) 
m· 
0 .. 0:;3. sec 
(5) of Ref .. (2) 
The maximum response does occur, as assumed, during the reflected pressure 
position of the pulse .. 
and "" . 
Ps = -20 + j400 +20 Pr = -20 + 20.75 = 0.75 psi (4 .. 3) 
The above illustrates the necessity of considering the time of maxi-
mum response in the determination of the effective force. 
4.4 Example 3. Sliding Failure of a Plate Girder Bridge 
Given: 
10.5' 
1 0' 
Fig. 4.4. Plate Girder Bridge 
Table 4.5. structural Parameters 
Parameter Value Reference . Figure Page 
)' 
Mass 51 kip sec
2 
ft 7 7.19 7- ?iJ 
Effective Area 1574 ft2 7 7 .. 20 7-31 
Ultimate Anchorage Resistance 240 kips 7 r.13 7-25 
Ultimate Anchorage Displacement 0 .. 33 ft 7·':. 7.2 .. 16 7-4 
·Fricti9n Coefficient 0.33 7 p.. 6 .. 2 6 .. 2 
Find~ 
The damage pressure level for x = 10 ft USing a 1 Mt weapon.. The 
·m 
bridge (shown in Fig .. 4.4) is assumed to. be loaded perpendicular to the roadway 
and to fail by sliding .. 
Solution: 
The anchorage resistance is averaged in with the sliding resistance 
to facilitate the analysfse 
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Thus: 
or 
'k 
'ly= 555 
-----_ ......... _-, 
0.33 ft 
I 
I 
I 
I 
I 
10 ft 
Fig. 4.5. Average Sliding Resistance 
. '~(240) 0 .. 33 + 0.33(51) 32 .. 2(10) 
~ = 10 
. 555 000 . Shear Strength = ~/A = 1574t144) = 2.44.pSl 
The damage pressure level equation is used to obtain the first trial 
valu,es.. TPen the solutionis checked using an accelerati<?n diagram.. From 
Eq .. (2050), page 45: 
m m p 2RMx
<ly = ~ .Cly + 1 
. 51 ( 10) 2 1 _ 7 .. 25 1 
555 + - t + 
o 
An averag'e value of positive phase duration (t = 3 .. 0 sec) is ob-
o 
tained from Ref .. (6), page 117. Thus, 
Pm = 7 .~5 + 1 = 3.4 
~ 
,Pm ~ _ 3·4 (2 44) = 4 .. 15 ' 
, P d. = c d ~ A - -' 2 ' " 
p = 4.15 = 13.8 psi 
s '~.O~022 
From Ref. (6) the positive phase duration is 
t = 2.5 sec 
o 
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(4.1) 
The maximum response for this initially peaked triangular force pulse is 
computed using the acceleration diagram. 
Fig. 4.6. Acceleration Diagram 
( 4 555 = 3. ) 51 = 37.1 
Balancing areas yields: (i.e., Area under Force acceleration-time equals Area 
under Resistance acceleration-time) Figure 4.6. 
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The maximum response. ·is .dete~ined.':by" 's~a~ion afmoments 'of ·the 
area under the acceleration diagram. 
'. '. Area Arm Moment 
,-
.~ -3.4 (0.99) 10.::9 0·99 :-6 .. 0 2 -3-
.1 +10·9 (1.68) 
1 .. 68 
+15.4 2 
x = 9.4 ft 
m 
A trial-and-error procedure may be used to.find the pressure level 
which will cause a maximum response of 10 ft as follows: 
1st Trial: 
Try p = 15 psi.. Then, 
s 
t = 2 .• 26 sec 
a 
(Ref. 6) 
t d ·= 0.85 sec 
p d = o. 022( 15)2 =4.95 .psi··· 
Balancing areas 
Summation of Moments yields 
Area 
1 -24,,~4 '(10~9)' 0.85 
(1009) 1.72 
Arm 
1/3 '(0.85) . 
1/2(1072) 
Moment 
+16.1 
x = 10.8 ft 
m 
(4 .. 2) 
(4.1) 
.( 4.5) 
2nd Trial: 
Try p = 14.75 psi. Then, 
s 
t .= 2.26 
o 
td = 0.85 
2 Pd = 0.022(14.7) = 4.79 psi 
3·93 
Balancing areas 
Summation of Moments yie.1ds 
Area 
~ 1 (3.93)10.9(0.85) 2 
I 1.67 (10.9) 
. . 
Arm Moment 
0.85 
-5 .. 2 
-3-
1.67 +15 .. 2 
2 
x = 10 ft 
m 
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(Ref .. 3) 
(4.2) 
(4.1) 
The repeated trials for this problem are really unnecessary since the 
degree. of damage would be similar whether it displaced 5 ft or 10 ft. 
4.5 Example 4. Overturning Structure 
Given: 
Loading 
h = 84.3" 
Direction 
c.g. 75" 
25" 
Ffg. 4. 7. Fire .control Van 
.Find: 
Damage pressure level to just overturn the structure. 
Solution: 
The weight of;the van is assumed to be the sole factor resisting the 
rotation about point O. The resistance is assumed to decrease linearly from 
the initial value, ~, to zero as the van overturns. The initial resistance is 
defined as the uniform lateral load which would just lift the structure 
statically. 
Wx 
c 
·CL_ - --
-y- Ah - 0.36 psi 
where W is the weight of the van, x is the horizontal distance from the point 
c 
of rotation to the center of gravity, and h is the vertical distance from the 
point of rotation to the ~entroid of the externally applied load. The resist-
ance is zero when the structure has rotated so that the center of gravity is 
directly above the point .ofrotation. 
The mass moment of inertia is determined as follows: 
I 
c.g. 
I 
c .. g .. 
= mass moment of inertia about the center 
of gravity 
= mass .moment of inertia about 0 
1 w (2 2) 
= -- b + c 12 g 
where: b = 95 in. 
e = 75 in .. 
Ie •g • =;2 ~23il~2J ~52 + 75~ = 3;'3,1.81. in. 4 
This assumes the mass to be dist~ibuted uniformly. Any error mn this assump-
tion will have a minor effect on the total moment of inertia about o. 
75 
where D :..,= distance frohl center of gravity to point of rotation, 0, 
'2 . 2 1/2 
=. [( 41 .. 5) + (71.8) ] 
so 
Using a 1 Mt weapon as a basis, the overturning pressure-duration 
relationships are determined by the following trial-and-error procedure. 
1st Trial: 
,Assume t = 2.0 sec, then t ~ 3/4 t ~ 1.5 sec.;' 
o s 0 
The duration of the diffraction pulse is given by Eq. (4) of Ref. (2): 
t ;:tL + 3S = 8 + 3( 3 .. 1) = 17" 3 = 12 .. 3 ms 
d U 3S 1400 9 .. 3 I45b 
+ t + 1.5 
S' 
The damage pressure level is defined by Eq. (2.55), page 47, as: 
p %2 ~. -E! _ ~ ....£ _ 2 099 - 81 ~ - td . gP- 0.0123 83(386)-
p = p = 81 ~_ = 81 (0,,36) = 29.2 psi 
r m -y 
Solving Eq. (4.3) for overpressure, p , yields 
s 
(2,,55) 
p s = - 20 . + J 400 + 20 p r = -20 + 31. 4= 11 .. 4 psi ( 4 .. 3) 
Using the charts on pages 109 and 117 of Ref. (6), the positive phase duration 
is found to be: 
t = 2.3 sec 
o 
Thus, t = l.73 sec but there is no need to work another trial since a change 
s 
in ts has little effect on td ,as defined by Eq. (4) of Ref. (2). 
4.6' Example 5. Multi-story Structure 
Given: The five-story structure shown below. 
2 7 l4 A5 = l34.5 ft. M5 = 00256 
A4 = 164 .. 3 ft~ 6 13 M4 = 0.258 
2 A3 = 14903 ft. 5 12 M3 = 0.252 
2 4 A '= 182.5 ft. 11 M2 = 00275 2 
2 3 lO ~ = 152.2 ft. Ml = 0.228 
, 
2 9 I 
<t 
Fig. 4.8. Five-Story Structure 
Table 405. Structural Properties 
Column Length(L) Yield Moment(MD) Stiffness (k) 
in. kip-in. kips Lin. 
2-3 ll7·5 6250 206 
3-4 l28 3184 81.7 
4-5 'll8 3275 ., "L '" .LV~.t::: 
5-6 l18 ' 2550 76.8 
6-7 184 2800 20 .. 3 
9-10 l17.5 5670 190 
1Q'~1l l28 3135 8l.7 
11-12 ll8 3230 104.2 
l2-13 118 2140 68 
13-14 184 2380 17·9 
77 
,Find: 
Damage press1lI"e level for ~ = 10~ 
Solution: 
',. ~', . .. . .. 
The lo·'ading and resistance of one bent of the structure is considered. 
The yield moment, ~/ is computed using the procedures given in Ref .. (9) 0 The 
yield resistance, ~, of a st:ory ,is obtained by summing the yield moments for 
the top and bottom of all columns in that story and dividing by the correspond-
ing story height. The total stiffness of a story is equal to the sum of the 
stiffnesses of every column in that story. The yield displacement is taken as 
the quotient of yield resistance divided by the total stiffness. Using the 
, i~ , 
effective loading areas given in Figo~, the yield shear is defined as the 
yield resistance divided by the total loading area above the story in question. 
The results of these computations are given in Table 4.60 
Story 
1 
2 
3 
4 
5 
Yield 
Resistance 
kips 
405 
198 
220 
159 
113 
Table 406 
Total Yield 
Stiffness Displacement 
kips/in. in. 
792 0·512 
327 0.605 
417 0.529 
290 0.548 
76.4 1.478 
n 
Yield (~/L Shear 
i=i 
psi 
3.59 
2.18 
3.41 
30'7 ' 
5.84 
From Table 4.6 it can be seen that for this case the yield shear 
A. ) 
1 
strength is the smallest for the second storyo To obtain the pseudo period, 
the structure ,is first loaded statically with a pressure equal to the yield 
shear strength of the second story and then, without increasing the load, the 
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second story is deflected to the given maximum displacement. The resulting 
deflection configuration is shown in Fig. 4.9 below. 
I~ 7 .. 57" 
I 7.02" I-
I 6.69" 
,-
I 6.36" I~ 
Fig .. 4.9. Pseudo Collapse Configuration 
The pseudo period is then given by Eq. (3.2) as: 
n \ 1/2 
I M. 2 x. 1 1 
T = 2rc i=l 
n 
(3.2) 
L k. 2 1 Yi 
i=l 
1 
= 211 fo. 228(0.309) 2+0 • 275( 6.359) 2+0. 252( 6. 696) 2+0.258(7 .ol8) 2+0.256(7.566) :l 2 l 792(0.309) 2 +327( 6.05)2 +417(0.337) 2+290(0.322) 2+76• 4(0.548) 2 J 
= 0.402 sec. 
We can now proceed to find the damage pressure level. As in the 
other examples, a trial-and-error procedure is necessary. This time it is more 
convenient to start by assuming tdo 
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, " 
1st Trial: 
, ! 
. ';:1 
Assume t~ == 1'00'" sec'~', Then td/T = 1.0/0.402 = 2.49'0 From Chart I, 
for iJ. = 10 'arid td/T '= ;2 .. 49, we find "pm/ffy = -1.3. Thus, 
p = 1.3(2.18) = 2.82 psi 
m ' 
p = s 
2.82' A. i 0.022 = 11 . ./ ps 
From pages 109 and 117 of Ref. (6) we find that: 
t = 0.235(10) = 2.35 sec 
o 
for a 1 'Mt weapon. By Eq.. (4 .. 2): ' 
td = 0.375(2.35) =0.881 sec 
This value of td compares fairly well with the assumed value, but 
another trial will yield a bet~er answer. 
2nd Trial: 
Assume td = 0.9 sec. USing the procedure outlined in the preceding 
example, we obtain: 
tafT = 0.9/0.402 = 2.24 
'Pm/~ = 1.31 
Pd = 1 .. 31(2 .. 18) = 2.84 psi 
t = 0.235(10) = 2.35 sec 
o 
td = 2.35(0.3.75) = 0.88 sec 
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Since the values of td assumed and computed are in close agreement, 
the solution has been found. Thus, a side-on overpressure of·11.35 psi wiil 
cause a maximum response of ten times the yield displacement. This solution 
gives a rang'e of approximately 1.4 miles for the 1 Mt weapon (air burst) 
considered .. 
Solution of this problem as a five-degree-of-freedom system on the 
ILLIAC gave Pi = 10.85 psi. Thus, there is,..an error of 4.6 percent in the 
s 
above. The fundamental period of this system is 
If this period is used as a base for measurement of pulse duration, 
instead of the pseudo period; then the overpressure level predicted by means of 
the above procedure is 12.6 pSi, or an error of 16 percent when compared to the 
ILLIAC solution .. 
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.·APPENDIX A 
Al. Equivalent ·Elasto-Plastic Resistances 
Al.l Introduction. The vast majority of structures possess resist-
ance functions that can be idealized without. introducing significant errors as 
bilinear functions. It is possible to plot for any specified bilinear resist-
ance function the relationships whi~h exist between the maximum response of the 
system and the dimensions of an applied initially peaked triangular force pulse. 
Chart I is such a plot for an elasto~plastic resistance. Obviously, similar 
plots could be made for any and all other bilinear functions. Typical of these 
. plots are the charts of Figs It Al and A2. 
To make possible ItChart Solutions" of all problems involving ini-
,tially peaked triangular force pulses and bilinear resistance functions, it 
would be necessary to· plot a very large number of these c.harts since interpola-
tion between charts for different resistance functions is .likely.toproduce 
excessive errors unless the difference between the resistance functions of 
successive charts is very small. It was found that these difficulties could be 
eliminated by replacing, for ,analysis purposes, any given bilinear resistance 
function with an equivalent elasto-plastic function, thereby reducing the number 
of necessary char~s to one, and, at the same time, eliminating the difficulties 
inher·ent in interpolating between charts. 
Several methods for making· this replacement were ,stUdied.. Each of 
these methods required that the energy stored by the elasto-plastic replacement 
resistance must equal the'energy stored by the given bilinear resistance at 
equal maximumdisplacement·s.. The replacement methods studied are as follows: 
(1) The constant period elasto-plastic replacement in,which·the 
fundamental period of the replacement system is equal to the fundamental period 
of the given function. 
A2 
(2) The constant yield displacement elasto-plastic replacement in 
which the yield displacement of the replacement system is equal to the yield 
displacement of the given bilinear resistance function. 
(3) The balanced energy replacement resistance' in which the stored 
energy levels of the given and replacement resistances are numerically equal at 
yield displacement as well as at maximum displacement. 
The results of 'each of these studies are summarized in the sections 
that follow. The constant period replacement is recommend~d for general use 
because of i ts relative accuracy and simplic'i ty of application.' This method 
was also discussed in Section 2.2 of this report. 
Al.2 Constant Period Elasto-Plastic Replacement Resistance. 
x y 
'. 
(a) Strain-Hardening Resistance 
x y 
(b) Decaying ReSistance, 
Figo Al. Constant Period Elasto-Plastic Replacement 
x x 
m c 
A biltnear resistance may be replaced with an elasto-plastic resistance which 
has the Sffine initial slope thereby preserving the natural period. Having made 
t,his stipulation:, "the replacement yield reSistance, ~, ~d the replace,ment 
yield displacement, x t" necessary for the area of the replacement resistance to 
" y ; , ' 
equal the area of ,the given resistance for a given maximum response are defined 
by the following conditions: 
(Al) 
where: k = k2/kl 
l-l ... = Xm/Xy 
A3 
Using this r~~lacement, the damage pressure level can ,be readily 
computed. For a specified maximum response, l-lt = Xm/X~' the consist~nt peak 
pressure can be read from Chart I as Pm/ca;.. This value, when multiplied by 
ca;./~ gives the dimensionless damage pressur~ level, Pm/~' for the original. 
system. 
Maximum response computations by this replacement technique obviously 
necessitate a trial-and-error procedure because the correct replacement func-
tion cannot be chosen until the maximum response is known and vice· ·versa. 
However, only a few trials are normally necessary to arrive at a satisfactory 
solution. 
The error in both damage pressure level and maximum response result-
ing from the use of this replacement was found to be very small in most cases. 
The error increases as maximum response and/or second slope increase. No 
measurable error was detected for values of dimensionless maximum response less 
than five. The largest error detected in ·the study of positive second slopes 
was less than 8 percent and this occurred for a maximum response of thirty and 
a second slope equal to one-tenth the initial slope. 
This resistance replacement technique may, however, result in errors 
as high as 55 percent if it is used indiscriminately for deflections larger 
than the critical maximum deflection, l-l , discussed in Section 2.2.3. The pre-
. a 
cautionary techniques outlined therein must also be followed when a replacement 
resistance function is used. 
By using the procedures of Section 2.2.3 for a decaying resistance 
the accuracy of the results will be comparable to that obtained when a strain-
hardening resistance function is replaced with an equivalent elasto-plastic 
function .. 
A4 
Al.3 Constant Yield Displacement Elasto-Plastic Replacement 
Resistance. The strain-hal'deningresistance shown in Fig. A2a may be replaced 
with an equivalent area elasto"'plastic resistance having the same yield 
x y x m 
(a) Strain-Hardening Function 
x y 
(b) Unstable Function 
x x 
m c 
Figo A20 Constant Yield Displacement Replacement Resistance 
displacement.. Thus'. maximum. response is not changed but the period, T', of the 
replacement system is changed. It is related to the period of the given func-
tion as follows: 
The effective load duration is; therefore: 
(A2) 
If, in addition to the unchanged yield displacement, it is also 
specified that the are'as under the given and replacement curves at maximum 
deflection be equal, then the replacement yield resistance, ~, is given by 
where: 
2 CLf~/CL_ = 1 + k(\J.-l) 
'7 '7 2\.1 - 1 
(A3) 
A5 
Ha:ving 'made the, replacement ,.variations in Pm/ ~,' t d/T I, and Xm/Xy' 
are then' governed by Chart' I. The technique of solution seems obvious and, 
therefore, will not be,' discussed here • 
Damage pressure levels obtained using 'this replacement resistance 
'Were compared with the corresponding correct damage pressure levels obtained 
from ILLIAC solutions'. ,The errors found in this, manner were less than 5 per-
cent for strain-hardening resistances when the dimensionless maximum response 
was less than 10. An error of 10 percent was computed for ~ = 30 and k2/kl = 
0.1. The error in damage pressure level for a system with a decaying resistance 
function is less than 5 percent provided ~ is computed and the peak pressure is 
0: 
taken as Po: for any maxim1.lIQ, response greater than ~o:. If the peak pressure is 
computed without regard to,~o:J then the error in predicted peak. pressure may be 
as bigh as 65 percent. 
Al.4 Balanced Replacement Resistance. An elasto-plastic replacement 
resistance was chosen such that the area under the replacement balances the area 
x y 
" Xl 
Y 
(a) Strain~HardeningFunction 
x 
m 
(b) Unstable Function 
Fig.. A3. Balanced Replacement Resistance, 
A6 
under the given bilinear resistanc,e.· at both yield <Usplacement and ·at maximum 
displacement. The replacement of a strain-hardening resistance is shown in 
Fig.. A3a. The above criterion requires that. area nAT! equal area "B" an¢i area· . 
TIc IT equal area UnT.T .. These conditions are· me.t when the following. equations are 
satisfied .. 
£ + 1 1 ~1 2 1 J 112 x f Ix = - - + (- ... 1 -~) + 2(- - 1) (A4) y y 2 k k 2 k 
~~ = 1 + k ~ (~ + :~) -lJ (A5) . 
td/Tt = td/T [ ] 1/2 ,( ~/ Cly) (Xy/x~) . (A6) 
The replacement of a strain-hardening resistance in this manner 
involves very little error. The errors were computed for· several values of 
second slope and maximum response. The maximum computed error·was found to be 
3 percent .. 
When the corresponding replacement was used for a decaying resistance 
as shown in Fig. A3b, the computed errors were large in the majority of cases. 
For this reason and because of the complexity of this replacement technique, it 
is not recommended for general use. 
Al.5. Conclusions .. · These studies indicate that virtually any bilinear 
resistance function can be replaced for analysis purposes with-an equivalent 
elasto-plastic function without introducing a significant error 0 Perhaps even 
more important is the implication resulting from these studies that any irregu-
lari ties in the resistance of any actual structure may be averaged out by an 
equivalent elasto-plastic replacement without .changing the damage· pressure level 
appreciably .. 
A7 
A2. Maximum Response Charts for Systems Having a Bilinear Resistance 
In Charts Al and A2 is shown the effect of variation of second slope 
of a bilinear resistance on the dynamic behavior of a single-degree-of-freedom 
system. The maximum response versus duration for lines of constant peak pres-
sure of an initially peaked triangular force pulse are given for values of 
second slopes of +0004 and -0.04 in Charts Al and A2, respectively. Data 
similar to those presented in these charts were used to compute the errors in 
the replacement techniques discussed above" All of these data were obtained 
using the ILLIAC. 
The maximum response ofoa single-degree-of-freedom system subjected to 
an initially peaked step pulse having a finite duration, ta/T,is shown in 
Chart A3. 
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':; APPENDIX B 
Bl. Introduction 
In this appendix the approximations used in the treatment of force 
pulses different in shape from an initially peaked triangle are discussed. The 
bases, errors" and bounds of the averaging technique used for multiple-triangle 
pulses and also the effects of finite rise time are treated. In addition, a 
more precise method for the treatment of decaying pulses of two triangular 'com-
ponents and an equivalent single triangular replacement for one set of exponenti-
ally decaying force pulses is presented. 
B2. Double-Triangle Force Pulse 
A force pulse composed of two initially peaked triangles, as shown in 
Fig. Bl, will first .be considered in detail and then the result~ will be ex-
tended to the more general case. Let us consider a single-degree-of-freedom 
system with zero initial velocity and displacement, which has an elasto-plastic 
resistance. 
f = 2 
Fig. Blo Force Function 
B2 
If the durations ;tl/T and t2/T are very short (on the order of tl/T ~ 
t2/T.~ 0.3), then the force pulse may be considered to act as an impulse. For 
this case, an energy balance yields: 
when M is the mass and the other terms are as defined in the figure. Noting 
that 
M= 
we obtain: 
(B2) 
For a single triangular force pulse of short duration, the damage pressure 
level is given by .. the following relation (see Section 2.3): 
(2tt - 1)1/2 
F = rc tiT (B3) 
where F is the damage pressure level •. LettingF1 correspond to a duration tIlT 
and F 2 .correspond to a duration t2/T, Eq. (:$2) yields: 
(B4) 
Similarly, for tIlT and t 2/T very large, an energy balance yields: 
(B5) 
For an infinite duration step pulse the damage pressure level is given (see 
Section 2.3) by the following relation: 
(B6) 
... 
B3 
Introducing ·Eq. J (:B6). into .Eqo (.B5} we ob.tain~ . 
. f 1 f 2 :· 
- +-= 1 
Fl F2 
• = .. 
(B7) 
(Equation (B7) also applies in the trivial case when tl/T = t2/To) 
A third case i~ which an exact sOlution.exists occurs when tl/T is 
small enough such that the first component acts as an impulse and t 2/T is large 
enough such that the second component acts as an .infinite duration step pulse. 
In this case the energy balance yields: 
(BB) 
Introducing Eqs. (B3) and (B6) we obtain: 
(B9) 
For other values oftl/T and t 2/T the approximate relation 
(B10) 
may be used. Here Fl and F2 are defined as the damage pressure levels for ·ini-
tial peak triangular force pulses of duration tl/T and t2/~' respectively, 
acting separately. Further, if the relative magnitudes of fl and f2 are known, 
ioe., fl = cl(Pm/~) and f2= c2(Pm/~) ~here Pm/~ = fl + f 2, then Eq. (B10) 
yields: 
(Ell) 
The maximum error 'in Pm/~ as .given by Eq .. (Bll) will be shown to be 
-20 percento ILLIAC solution of a large number of problems covering the entire 
range of the variables cl ' c2, tl/T, t 2/T, and~, shows that Eq. (Bll) gives a 
B4 
lower bound to the damage pressure leyel, and that the maximum error ,occurs when 
tl/T is very small and t 2/T very. large. We can define the exact pressure as 
follows: 
1 + k (B12) 
* where Pm/~ is the exact damage pressure level and k is an unkno'WIl function of 
cl ' c2' tl/T, and t 2/To 
The percent error E is defined as 
. * Pm - Pm -k 
E = * ( 100) = 1 + k (100) (B13) 
Pm 
E occurs for k tI Equation (B12) may, be rewritten as follows: 
max max 
tB14) 
Therefore: 
(B15) 
The maximum. value of' k occurs for 
(B16) 
This operation yields: 
(B17a) 
, d{~) 
l,+~(;:)= 0 
Differentiation of Eq .. (B9) "With respect to f1/FI ' and 'f2/F~ yields: 
Thus, Eq .. (B17a) and Eq .. (Bl7b). become: 
B5 
(Bl7b) 
(BI8a) 
(B18b) 
(B19b ) 
Both of these equations.yield the solution fl/Fl = 1/2. substitution of this 
~alue into Eq. (B9) giV~S.f2/~2 = 3/4 .. Thus, kmax occurs for fl/Fl = 1/2 and 
f2/F 2 = 3-/4. By Eq. (Bi5) we find: . k
max 
- 1/4.. Substitution into Eq. (B13) 
v;elds E = -20 percent. ,,~ . max 
Equation (B12) yields the exact value of;damage. pressure level if t1?-e 
parameter k can be evaluated... An approximation. to k, suggested by Dr.. N.. M. 
Newmark, . substantially rE:!duce~ the e.rror .in. pressure ~ Th~ approximate equation 
reads.: 
(B20) 
B6 
Letting 
Equation (B20) can be rewritten as follows: 
S (;~r (~f + ~l - s) ;~ + ;~~, 1 = 0 (B2l) 
where 
and 
Pm/~ being the damage pressure level. The solution of the quadratic equation 
yields the damage pressure level.. This approximate formula becomes exact in 
the following extreme cases. 
2H - 1 d / A.. Both durations short: . 0.7 T ~ as t2 T ~ 0 
2~ (1 + t ) 
2 
B. ~oth durations long: Fl. = F2, Fl - F2 = 0 
C. Botp. durations equal: Fl = F 2' Fl - F 2 = 0 
D .. tl short and Y2 long: 2~ GO 1 
The maximum detected error in t~s approx~ationis less than 6 percent. No 
statement can be made as to the sign. of the error. 
We can also derive an approximate formula for damage pressure level 
from Eq. (B9).. Again letting Pm/~ = f l + f 2, fl = cl Pm/~' ,and f2 = c2 Prri/~' 
we obtain: I 
B7 
,;.(p~,)2,'(',Cl)2 ':P~ (C2 )' 
-- - +-- -1=0 
.' ~ . ;Fl '!y' F2 . ' (B22) 
or 
c2 
. (;~r 4 (;~r .. - + + p , 'F ' 
m' ,2 
-= 
2 (el r '!y 
. ~l . 
(B23) 
We have, from Eq .. (B15) 'that: 
(B24) 
Thus: 
(B25) 
which yields:. 
(B26) 
This expression has a.maximum for 
-2 (i ... ;:) + I =0 (B27) 
which yields f2/F 2 = 3/4.. Th1.1s , we have from Eq.. (B26): 
(B28) 
This means that the damage pressure level obtained from Eq .. (B23) is always 
greate.r than or equal to the actual pressure; i"e., Eq. (B23) yields an upper 
bound to the . damage 'pre:ssure level. It is to be . noted that Eq. (B23) yields 
the exact, pressure when Eq .. " (Ell). has its gr'eatest error .. 
The maXimum error in pressure as computed by Eq.. (B23) occurs when 
either both tl/T and t 2/T are very small or very large, or when tl/T = t 2/T, 
i. e", when fl/F 1 + f2/F 2 = 1... ,This maximum error is approximately +25 percent 
and occurs when fl/F1 ~ 0 .. 49 and f 2/F2 ;' 0 .. 51. The actual computation of the 
maximum error involves rather lengthy algebraic manipulations and will not be 
presented here. 
To summarize, for the force pulse composed of two initial peak tri-
angular pulses, three satisfactory approximate solutions for damage pressure 
level exist. The first of these, namely 
1 (Bll) 
or, in different form: 
(B10) 
is a lower bound solution with a maximum negative error of -20 percent. The 
second solution, 
c2 (;:f + 4{ ;~f - - + Pm F2 
-= 
2 (;~r ~ (B23) 
or, alternately 
is an upper bound solution with a maximum error of +24.5 percent. The first 
solution is exact. for tl/T and t 2/T both very sm~l or both very large, while 
the second solution is exact when tl/T is very small and t 2/T very large.. In 
,I 
B9 
either case the maximum error in one occurs when the other is exact. The third 
solution: 
s (;~r (~)2 + ~l s) ;~ ~;;J~ 1 = 0 (B2l) 
\: 
where 
is neither an upper nor lower bound, but 'gives errors of less than 6·percent. 
B3~ Multiple-Triangle Force Pulses 
Consider a force pulse composed of several initially peak~d triangu-
lar components, as shown in Fig.B2, 'acting on an elast6-plastic single-degree-
of-freedom system. 
Fig. B2. Multi-Triangle Force Pulses 
The approxirilate solution' of 'Eq,,: (BI0) can be extended to this case, in the form: 
,~. fi .: 
.. L .=Fi ~, I 
i=1 
(B29) 
BIO 
The exact solution can again be indicated in the form; 
We can show that.O 6,k':5l/4 in,the following way .. 
r 
r 
_i=_l~_ 5 /""'. 
Fl.' L 
i=l 
n 
I fi n 
i=r+l ~ I Fr+l 
i=r+l 
Addi tion of' Eqs .. (B32a) and (B32b) 
r n 
c=l 
i=l 
r 
)\. fi 
f' L 
i 1=1 F~ F i r 
n 
I f 2. < i=r+l 
F'- F i n 
yields: 
fi 
(B30) 
(B31) 
(B32a) 
(B32b) 
(B33) 
Thus ,:I f'i/F i and., by the same token, k, lie between the corresponding values 
for two two- component systems. Thus, k will be the maximum when the k 'l S for 
the two component systems are maximum. That is, when the first n components 
are impulsive, and the rest are of long duration.. In this case an energy 
balance yields: 
Bll 
'.r " fi)' 2 +~ .. 
'L Fr L 
i=l r+l 
(B34) 
, . ,r n 
As bef'ore, this yields k
max 
= 1/4 f'or:L f'i/F i = 1/2 and . I f. IF. = 3/40 11' 
i=l i=r+l 
Thus, the extreme error in Eq.", (B28) is -20 percento 
Unfortunately, 'we 'do not'have a direct upper 'bound solution of the 
type of 'Eq. (B23) 0 An approximation which naturally suggests itself is~ 
(B35) 
which yields: 
(B36) 
Equation (B36) gives" the greatest error when Eq. (B30)' is exact .. ,In this case, 
the ,error is given by 
n 
e = 1 (B;7) 
This expression has a maximum for o e' 
( c,.) OF: 
= 0 
This yields: 
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'c. ). 0 
Fi = 
ci/Fi • The error increases as the 
number of components increases •. Thus, we have: 
No. of Camps. Max. Error (percent) 
1 0 
2 +41.4 ' 
3 +73.2 
4 +100.0 
Needless to say, the solution given by Eq.(B30) is much more satisfactory. 
B4. Duration of Equivalent Triangular Pulse for Replacement of 
Exponentially Decaying Pulse 
For a decaying dynamic force pulse (or any ~orce pulse, for that 
matter) acting on' a structure, there is an initially peaked triangular force 
pulse with the same peak pressure as the given pulse which, when applied to the 
structure, gives the samemaxtmum deflection as the decaying pulse. The dura-
tion, t d, of this replacement force pulse is in general a function of the shape 
and duration of the original pulse, the maximum deflection of the structure J 
and the shape of the resistance function. There are, however, some general 
requirements which the replacement pulse must satisfy. 
Consider the force pulse shown in Fig. B3 where the duration tiT is 
time-scaled by the period of the structure, t~T is the duration of a triangu-
lar pulse having the same slope as the initial slope of the decaying force 
pulse, td/T is the duration of ' the triangular rep~acement force pulse, tilT is 
the duration of the triangle with the pame area as the given pulse, and t IT is 
a 
the duration of the given pulse. 
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:P 
. ttl 
Fig. B3.Dynamic Force Pulse 
If tofT is very short, ~hen td/T = tilT, since the force pulse is 
impUlsive and can be replaced ~y a force pulse of, equal area.. If t d/T is very 
large, then td/T =. tJT, si~~e.~he portion of pulse betw~en tiT = 0 and tiT. = 
t IT (t = time of ttlaximum response) becomes essentially linear.. For a max . . max . 
d~ation td/T which is neither short nor long, tJT < td/T < tilT since 
t d/T $. tilT and t d/T = t qJ/T OnlY' when t d/T ' ~ 00. 
In this study, . force pulses as given by H. L. Brode (10), were used 
b~cause of ~heir obvious practical applic~tion.. There are. two sets of .force 
pulses described in this paper.:. one set for side~o~ overp,~essure, anCi one set 
for dynamic. or drag pressure.~ These ~harts are reproduced in Figs" B4 and B5 .. 
Since this stUd:y- was.con4uct.ed in terID;s of Pm/~ and tiT, .. the reader is referred 
to the paper cited. abovef0J;" application ~o actual. weapon size and range., It 
should be noted that .any, ~ther set of force functions could. have been chosen 
for this study. 
The various force pulse shapes are designated by the parameter ~P.s' 
where ~ p is the difference between the peak pressure of the pulse and the 
. : S.' . . .. . . . 
aml;>ient atmospheric pr~ss~~, both measured in atmospheres" 
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The force pulses used were approximated by a series of straight line 
segments.. A minimum of ten segments and a maximum of twenty segments were 
employed. Solutions for Pmf~ were obtained for ~ of 2, 5, io, and 30; 0 .. 1 < 
tofT ~ 100; and ~ Ps of 0.1, 1, 3, and 10, for drag pressure and ~ Ps of 1, 5, 
10, and 50, for side-on overpressure. The elasto-plastic resistance function 
was used in all cases. 
Figures B6 and B7 give approximate relations between tdfti and 
ti/T~lf2 for 'drag pressure and side-on ~verpressure. These curves were fitted 
to the data obtained by'ILLIAC solution and the errors in pressure are less 
than ± 5 percent. The greatest error in Pm/~ due to an error, €, in tdfT 
occurs where the slope of Pmf~versus tdfT is the' greatest, i~,e., where the 
force pulse acts as an impulse.. For an' impulsive loading, Pmf ~ a 1ft d is the 
exact pressure end Pm/ ~ ex (1+;) td is the approximate pressure 0 The error E 
is then: 
- 1 
= 
-€ 
1 + € 
If € = 0.1, then E =0.909. Thus, 'the maximum error in Pm/~ is of the same 
order, 'but slightly less than the error in t dfT.. Also, as t dfT increases, t:Q,e 
error in pressure due to an error in tdfT approaches zero.' 
These considerations jUstifyinterpolati~, between the given curves 
for'values of ~'p other than those presented in the charts. This interpola-
s 
t,ion is accomplished by considering the variation in t ft i with respect to '~ p ~, s 
since the curves shown are nearly "parallel .. 11 Figure B8 gives the values of ti 
and t as functions of ~ p for both drag and side-on overpressures II Wi th this 
~ s 
curve, interpolation can easily be accomplished. 
used .. 
'There are several- types of problems in which these results can be 
Probably the most important, however, is the problem in which the~ p , 
s 
, .. 
B15 
Pm/~' and "t~/T'; : are ·~pecified. and'l-l is·::to be found. In this case we must 
resort to' a triai-'arid-error"s61ution~" An "ex'8mple:of' this,type is given below. 
AssUrne·that'·ith~ 16ading:'is side-on 'and'6p- = 10. Further, let 
s 
Pm/rL- = 2 and tofT =··'5~'" From Fig .. B8, t./T'=' 0 .. 232 t, IT, arid t =:0 .. 67 t .. 
-y J. 0 cp' 0 
Theref'ore, t./T = i'0160 Assume 1-l'="2~ then t./TI-lJ.,/2 = 0.820., From Figo ,B6, 
J. l 
. td/t~ = 0.,450, SO· that"ta/T = 00522.' Now from Chart I, for td/T '= 0.0522 and 
:pm/~ = 2, we obtain I-l f = 401 which:'Cloes not agree with the assumed I-l of 2. 
Now, assume' I-l = 401; then t i /TIJ.1/2: is be 573 and td/ti is 0.,496, making td/T 
0 .. 575; thus~ IJ.f is 4 .. 75 which still does not agree too well with the assumed. 
value of 4~10 
Continuation of this process yields a dimensionless maximum response 
of 5 .. 1.. ILLIAC solution of this problem yields iJ. = 5, for an error of2 per-
cent.. It is quite possible to incur' substantially larger errors in I-l than is 
indicated in thi S"L problem.. These larger errors will occur when the pulse is 
. , ' 
long in which case I-l may be very sensitive to small changes in the value of 
peak pressure .. Fortu.n.ately, the error in peak pressure required'to produce a 
specified response ,(damage pressure level) is always small. 
B50 Effect of Rise Time 
In the last several years a large amount of data has been accumulated 
on the effect of delayed rise on triangular force pulseso This information has 
been presented, in chart form, in the two previous final reports of this 
project (see Refs .. 4 and 5) .. It has since been possible to eliminate the neces-
sity of using the large number of charts prepared for delayed rise by using a 
simple, empirical approximation. This approximation was effected by consider-
ing what factor the damage pressure level of an initially peaked triangular 
force pulse of the same duration as the delayed rise pulse would have to be 
B16 
multiplied by to give the damage pressure level for the delayed rise pulse, the 
response. being ·the same for both force pulses. The results of this study are 
sho1ffi in Figs.. B9,' B10, Bll,. and B12. . In thes.e charts the factor by which the 
pressure for the initially peaked pulse must be modified to give the pressure 
for the rise 'time pulse is the ordinate and is designated by R. The abscissa 
is the rise time, ti/To Each of these charts has been prepared for a different 
value of response • (J..L = 2, 5, 10, ahd ;0) while each curve on the charts corre .... 
sponds to a different duration, td/T. The approximate curve or' R versus t1/T 
for each of the response valu.es considered has been indicated by the heayY line 
on each chart. These empirical curves for R are given by the relations: 
2 
R = ---ru----1{-t-
l
-j,..-T 
1 + :J( t~7T sin F 
(2.34) 
or 
(B3S) 
2\.1 but R ~ 2J..L _ 1 in all cases • 
. The maximum error in pressure detected in this approximation is +8.0 
percent. No general statement can be made concerning the Sign of the error. 
.-
'-
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